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Abstract: This work presents a tracking control of a Flexible-Robot being actuated by a three
phase induction motor, assuming a system control without perturbation and the case where a
periodic pulse perturbation input is applied. Previous research about Flexible-Robot consider
a dc motor to drive the joint. Induction Motors depict an alternative to be used as actuator,
their main advantage is due to the minor cost in both the purchase and maintenance, but their
nonlinear dynamics to set control is a challenge. The dynamic model of a joint-flexible-robot
is combined with the induction motor dynamics. A control law is introduced to track a desired
trajectory. This control input is used like the reference torque for the induction motor. Through
the Simpson’s 1/3 rule, the gain tuning for the tracking controller is given by minimizing the
integral of time-weighted absolute error (ITAE). Simulations show the effectiveness of the
controller proposed.

Keywords: Induction motors, flexible robots, nonlinear control systems, manipulators, tuning.

1. INTRODUCTION

The robot manipulators have been a research interest
during last three decades. The most of the studies have
been based on the rigid manipulators, however some
works point to unreal dynamics of rigid manipulators
due to the flexural effects. Thus, Kalyoncu (2008) notes
that the flexible manipulators undergo a combination of
rigid and flexible motions. In this manner, in De Luca
(2000) control laws for tracking tasks are designed on
the basis of more complete dynamic models including
deflections in the robot components for a one-link flexible
arm. In Arteaga and Siciliano (2000), the tracking control
problem of flexible robot arms is addressed, improving
the damping of the system through the robust control
techniques where the whole state is available. In Ji et al.
(2008), the linear quadratic Gaussian method from the
optimal control theory is developed in combination with
a input-estimation algorithm to enhance the ability of
disturbance torque input estimation in the joint control
of a flexible-joint robot system.

⋆ This work was supported by the PRODEP-2018 program of
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Recently, intelligent control methods have been used to
track a desired trajectory of a single-link flexible struc-
ture. For instance, Sun et al. (2018) develops a fuzzy
neural network (NN) control based on the discrete dy-
namic model. Yang and Tan (2018) designs a sliding mode
boundary controller for a single flexible-link manipulator
based on adaptive radial basis function (RBF) neural
network.

All of these studies consider a common assumption: they
employ a DC-motor as actuator. In Tokhi and Azad
(2008), a considerable mount of research on the flexible
manipulators is covered, all of them consider DC-motor
to drive the flexible manipulator.

The main handicap of the DC-motors is given by their
highly cost due to the use of rare-earth (neodymium-
iron-boron or samarium-cobalt) in the permanent magnet
production. Front of this problematic, induction motors
(IM) are an alternative, because they offer low cost
of manufacturing and high output torque. IM’s have a
strong disadvantage, which is set by the difficulty to get
control, caused by their nonlinear dynamics. In this sense,
researches has been reported on coupling of induction
motors and rigid robot manipulators to track a desired
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Fig. 1. One-link flexible robot driven by an induction
motor

trajectory in Hu et al. (1996), Guerrero-Ramı́rez and
Tang (2001) and de Diniz et al. (2012).

In this paper, the trajectory tracking control of a one-link
flexible robot driven by a three phase induction motor is
studied for the case when the system control is affected
by a periodic pulse perturbation. The controller proposed
to achieve tracking is used like the reference torque for
the induction motor control and, thereby, the angular
position of the link ql tracks the desired angular position
θd by means of the spring coupling attached to the angular
position of the induction motor θm.

2. DYNAMIC MODELS

2.1 Dynamic Model of the Flexible Robot

Consider a one-link flexible robot driven by an induction
motor given in Fig. 1. Based on Ji et al. (2008), the
dynamical equations of motion result in:

Jlq̈l(t) +Blq̇l(t) + ks[ql(t)− θm(t)] +mgLsin(ql(t)) = 0,
(1)

Jmθ̈m(t) +Bmθ̇m(t)− ks[ql(t)− θm(t)] = τm,
(2)

where Jm is the motor inertia, Jl is the link inertia, ks
is the torsional spring constant, m is the link mass, L
is the distance to the centre of mass of link, θm is the
motor angular displacement, Bm is the motor viscous
coefficient, Bl is the link viscous coefficient, and ql is
the link angular displacement. τm represents the motor
electromagnetic torque, which is provided by a three-
phase induction motor.

2.2 Dynamic Model of the Induction Motor

The current iα − iβ and flow λα − λβ vectors of the
stationary reference frame fixed to the stator α − β of
the induction motor, are used to express the equations
in a field-oriented frame d − q. In this sense, the model
of the IM mechanical and electrical dynamics without to
consider the effects of viscous friction, is given by Marino
et al. (2010):
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. ωm is the rotor

speed, id and iq are the currents on d axis and q axis;
λd is the rotor flux linkage on d axis. TL and np are the
load torque and number of pole pairs. J is the moment
of inertia, which is defined constant. Lm is the mutual
inductance; Ls and Lr are the self-inductance of the stator
and rotor. f is the nominal frequency in Hertz (Hz). Rs

and Rr are the resistance of stator and rotor in Ω. For
last, ud and uq are the non-linear state feedback control
inputs, described by
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Applying equation (4) to the model equation (3), the next
closed-loop system is obtained

dωm

dt
= µλdiq −

TL

J
,

dλd

dt
= −αλd + αLmid,

did

dt
= −γid + vd,

diq
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,

(5)

where vd and vq are the new control inputs, which are
obtained by applying PI loops

vd = Kd1 (λdref − λd) +Kd2

∫

(λdref − λd) dt, (6)
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vq = Kq1 (Tref − τm) +Kq2

∫

(Tref − τm) dt, (7)

Tref = Kτ1 (ωref − ωm) +Kτ2

∫

(ωref − ωm) dt, (8)

where λdref , Tref and ωref are the references for rotor flux
linkage, torque and angular speed, respectively. Kd1, Kd2,
Kq1, Kq2, Kτ1 and Kτ2 are positive constant gains. From
equation (2), τm is the electromagnetic torque, which is
defined as τm = µJλdiq.

3. TRACKING CONTROL STRATEGY

Based on Arteaga and Siciliano (2000), the tracking errors
in relation with the link, are defined as:

q̃l = ql − qd, (9)

˙̃ql = q̇l − q̇d, (10)

q̇lr = q̇d − Λq̃l, (11)

q̈lr = q̈d − Λ ˙̃ql, (12)

sl = q̇l − q̇lr, (13)

(14)

where qd is the desired trajectory, Λ is a positive-definite
and diagonal matrix.

The tracking errors with relation to the induction motor,
are given by:

θ̃m = θm − qd, (15)

˙̃
θm = θ̇m − q̇d, (16)

θ̇mr = q̇d − Λθ̃m, (17)

θ̈mr = q̈d − Λ
˙̃
θm, (18)

sm = θ̇m − θ̇mr. (19)

(20)

The controller proposed to track the desired trajectory is
given by:

u = Jlq̈lr+Blq̇lr+mgLsin(ql)+Keq̃l−Kpsl−Kpsm, (21)

where Ke and Kp are positive-definite and diagonal
matrices.

Assumption. The tracking control law given in equa-
tion (21) is the reference torque Tref for the induction
motor control loop in equation (7).

This assumption points to delete the PI Loop equation (8)
from the induction motor control. The complete control
scheme is shown in Fig. 2.

4. RESULTS

The proposed controller is proved by simulation through
the Simulink® platform using the S-function level-2 with
ode-45 solver, variable-step, and simulation time of 10
seconds. The induction motor parameters are shown in
table 1. The parameters of the one-link flexible robot are
given in table 2.
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Fig. 2. Tracking control scheme for the one-link flexible
robot driven by induction motor

4.1 Gain Tuning

The integral of time-weighted absolute error (ITAE), is
the performance index used as objective function in the
gain tuning process for the tracking controller. The index
ITAE is defined as:

ITAE =

∞
∫

0

t |e (t)| dt (22)

where t is the time and e(t) is the difference between the
desired trajectory and the angular position of the robot
link, thus

e(t) = qd − ql. (23)

On each evaluation of the objective function, the model
developed in Simulink® is executed and the ITAE perfor-
mance index is calculated using the multiple application
Simpson’s 1/3 rule Martins (2005), resulting in:

Ke = 4.6615,

Kp = 59.2651.

The other gains were set arbitrary as:

Table 1. Parameters of the induction motor

Parameter Value Parameter Value

Power 200 W Poles 4

Speed 1732 rpm V oltage 220 V 3− phase

Rs 1.77 Ω Rr 1.34 Ω

Lls 0.024 H Lm 0.245 H

Llr 0.013 H Jm 0.025 kg ·m2

Bm 0.015N·m·s

rad

Table 2. Parameters of the robot link

Parameter Value Parameter Value

m 1 kg L 1 m

ks 5200 N·m

rad
Jl 0.15 kg ·m2

Bl 0.015 N·m·s

rad
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Fig. 3. Tracking control performance for the one-link
flexible robot driven by induction motor.

Kd1 = 200,

Kd2 = 800,

Kq1 = 800,

Kq2 = 1300,

Λ = 40.

4.2 Reference Data

The desired trajectory is given by:

qd = sin(t). (24)

The reference flux linkage for the motor control is set as

λref = 0.4 Wb.

The initial position for the one-link flexible robot and the
desired trajectory are

ql(0) = −
π

4
rad,

qd(0) = 0 rad.

4.3 Case a. Tracking control without a perturbation input

The results of the simulations, assuming that the control
system is without a perturbation input, are shown in
Fig. 3, where the black line is used to describe the desired
trajectory, blue line is set for the link angular position
and the red line represents the induction motor angular
position. It is clear to remark that the flexible robot tracks
the desired trajectory while the rotor angular position of
the induction motor drive the one-link. Also, it is noted
a transient response at the beginning of the tracking
performance, this is shown in Fig. 4.

The Fig. 5 produces the error values sl with blue color
and sm with red color, and Fig. 6 displays the induction
motor electromagnetic torque with green color and the
reference torque with magenta color.

4.4 Case b. Introducing a perturbation input

A perturbation input is introduced to the system control
like it is shown in Fig. 7. The perturbation signal is a pulse
waveform added to the input control signal (produced
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Fig. 4. Zoom in on the transient response for the trajec-
tory tracking.
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Fig. 5. Tracking errors for the one-link flexible motor
driven by induction motor.
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Fig. 6. Electromagnetic torque and reference torque for
the induction motor.

by the induction motor PI loops), then they are applied
to the system dynamics (induction motor and one-link
flexible robot).

The parameters of the pulse perturbation input are given
in table 3.

Table 3. Parameters of the pulse perturbation
input.

Parameter Value

Amplitude 1100

Period 3 s

Pulse width 0.2 s

Phase delay 1.5 s
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Fig. 7. Block diagram of the system control with a
perturbation input.
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Fig. 8. Zoom in on the trajectory tracking without a
perturbation input.

1.45 1.5 1.55 1.6 1.65 1.7 1.75

0.985

0.99

0.995

1

1.005

Fig. 9. Zoom in on the trajectory tracking with a pertur-
bation input.

A comparison of the results of the performance of the
tracking control introducing a pulse perturbation in-
put versus the system control without perturbation, are
shown in Fig. 8 and Fig.9 by means of a zoom in on the
same time interval. The difference between these cases is
minimum.

Comparisons with respect to the tracking errors are given
in Fig. 10 and Fig. 11. The tracking error for the system
control with a perturbation input holds an increasing
chattering, 2.0 < t < 2.3 and 5.0 < t < 5.3 s, after
the pulse perturbation is applied, 1.5 < t < 1.7 and
4.5 < t < 4.7 s.

Finally, Fig. 12 and Fig. 13 display the electromagnetic
torque without perturbation and the case where a pertur-
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Fig. 10. Zoom in on the tracking errors performance
without a perturbation input.
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Fig. 11. Zoom in on the tracking errors performance with
a perturbation input.
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Fig. 12. Zoom in on the torques for the induction motor
without a perturbation input.

bation input is applied. Due to the perturbation input is
added to the control signal produced by the induction
motor, the effect of the pulse perturbation is clear on
the time interval 1.5 < t < 1.7, 4.5 < t < 4.7 and
7.5 < t < 7.7 s.

5. CONCLUSIONS

Flexible robots have been target of research for last years.
All of the previous works contemplated the dc motor
as actuator. This document has presented an alternative
to drive the flexible robot, that is the induction motor.
The proposed tracking controller has been taken as the
reference torque for the induction motor control. The
gains of this control law were tuned by minimizing the
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Fig. 13. Zoom in on the torques for the induction motor
with a perturbation input.

integral of time-weighted absolute error (ITAE) through
the Simpson’s 1/3 rule. The simulations for the one-link
flexible robot driven by induction motor have shown a
convergence to the desired trajectory while the tracking
errors are carried to zero for both cases: without a pertur-
bation input and assuming a periodic pulse perturbation
input.
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