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Abstract: In this contribution, a thermodynamics based regulation problem is proposed to
control a counter flow shell-and-tube heat exchanger. To regulate the system, an output error,
correlated with the total entropy production inside the heat exchanger, is proposed; this
error depends on the output variable, its reference, the control variable and the measured
disturbances, therefore a dynamical controller with a PID behavior is derived as a preliminary
solution of the proposed regulation problem. Finally, this controller is tested via numerical
simulation showing satisfactory stability properties.
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1. INTRODUCTION

In recent years, physics-based control design for the con-
trol of physical processes has attracted attention, because
the main objective of this approach is to understand how
the physical phenomena produces specific dynamical be-
haviors and this knowledge allows to improve the control
strategies. In particular, it has been possible to system-
atize the analysis of mechanical and electrical systems
using energy and power based port-hamiltonian formula-
tion (Maschke et al., 1998; Ortega et al., 2002); however,
for chemical and thermal processes the use this approach
has not been completely fruitful, because not only energy
and power come into play to describe the dynamics of this
class of systems. On these cases, thermodynamics seems
to be a more genuine candidate. In particular, the use of
variables associated to entropy, for instance the entropy
itself, the availability and the entropy production seems
to be promising (Alonso and Ydstie, 1996; Ydstie, 2002).
For instance, it has been shown that the entropy produc-
tion is a Lyapunov function for closed thermodynamic
consistent systems and a storage function for open ther-
modynamic consistent systems (García-Sandoval et al.,
2015; García-Sandoval et al., 2016). Therefore, the use
of entropy production for control design is appealing,
because it is related to the cost of irreversibility in the
processes (Dammers and Tels, 1974; Alonso and Ydstie,
2001; Alonso et al., 2002). However, this approach may
only be successful if the model is thermodynamic consis-
tent, adding more complexity to the analysis, and this
problem increases when the system has a distributed-
parameter model, as is the case with shell-and-tube heat
exchangers.

Heat exchangers transfer thermal energy between fluids
usually separated by a physical barrier. Although the
selection of materials in the physical barrier allows heat
transfer to be efficient, controlling the temperature of the
fluid being cooled or heated at a specific and stable set-
point can be challenging (Lienhard and Lienhard, 2019).
Many classical control strategies, such as feedback and
cascade PID controllers, have been applied to regulate
heat exchangers Padhee et al. (2011); Ahn et al. (2014);
Kumar et al. (2021). However, fulfilling the efficiency
requirements to avoid wasting energy and control effort
adds more complexity to the control design. Therefore,
the use of thermodynamics principles may improve the
efficiency of the control of heat exchangers to decrease
irreversibility (Jin et al., 2017). In this work, a thermo-
dynamics based regulation problem is proposed to control
a counter flow shell-and-tube heat exchanger, defining an
output error correlated with the total entropy production
inside the heat exchanger. A preliminary solution of the
regulation problem is propose and tested via numerical
simulation. The present document is organized as follows:
in section 2 the model of the heat exchanger and its
thermodynamic behavior is presented. Then, in section
3 the thermodynamics based regulation problem and a
preliminary solution are proposed and evaluated via nu-
merical simulation.

2. THE HEAT EXCHANGER

Consider the counter flow shell-and-tube heat exchanger
shown in Figure 1 with length L, where two fluids ex-
change heat through a wall. Fluid 1 enters at z = 0 with
a temperature T1,in and volumetric flow rate F1, while
the fluid 2 enters at z = L with temperature T2,in and
volumetric flow rate F2. The linear velocities inside the
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Fig. 1. Heat exchanger scheme.

heat exchanger are v1 and v2, with vi = Fi/Ai ∈ R
+,

for i = 1, 2, where Ai is the constant cross-section areas
of each fluid. In the present work it is assumed that,
due to the magnitudes of fluid linear velocities inside
the heat exchanger, heat convection has a bigger order of
magnitude in comparison with heat conduction, therefore
conduction can be neglected in the model proposed below.

2.1 The model

The dynamical behavior of the heat exchanger, associated
to the internal energies per unit of mass (extensive prop-
erties) and temperatures (intensive properties) vectors
of the two fluids, i.e. u (z, t) = col {u1 (z, t) , u2 (z, t)}
and T (z, t) = col {T1 (z, t) , T2 (z, t)}, respectively, is de-
scribed by the following first-order partial differential
equations (PDEs) :

ρ1
∂u1

∂t
=−ρ1v1

∂u1

∂z
+

Q

A1L
(1a)

ρ2
∂u2

∂t
= ρ2v2

∂u2

∂z
−

Q

A2L
(1b)

with the boundary conditions

T1 (0, t) = T1,in (t) (2a)

T2 (L, t) = T2,in (t) (2b)

and initial conditions

T (z, 0) = T0 (z) (3)

where u (z, t) ∈ H2
[

(0, L) ,R2
]

and T (z, t) ∈ H2
[

(0, L) ,

R
2
]

, being H2
[

(0, L) ,R2
]

the infinite-dimension Hilbert
space on 2-dimensional like vector functions defined on
the interval [0, L], the axis position and time being de-
noted by z ∈ [0, L] ⊂ R and t ∈ [0,∞), respectively.
ρi, for i = 1, 2, are the densities. Finally, Q (z, t) =
hA [T2 (z, t)− T1 (z, t)] is the heat transfer rate, with h
as the heat transfer coefficient and A = pL as the total
heat transfer area between the two fluids with L as the
total heat exchanger length and p the perimeter.

2.2 Thermodynamics

Under the assumption of incompressible fluids, according
to thermodynamics, the correlation between the internal
energy per unit of mass and temperature of each fluid is

dui = cv,idTi, where cv,i is the heat capacity per unit of
mass. Therefore (1) as a function of temperature becomes

∂T1

∂t
=−v1

∂T1

∂z
+H1 (T2 − T1) (4a)

∂T2

∂t
= v2

∂T2

∂z
−H2 (T2 − T1) (4b)

where Hi = hp/ρicv,iAi, for i = 1, 2.

According to the second law of thermodynamics, the
entropy function of each fluid, si (z, t), is a real valued
function at least two times differentiable, reaching a max-
imum in isolated systems. Under the classical non equi-
librium thermodynamics assumption of local equilibrium
(de Groot and Manzur, 1984), the Gibbs relation for an
isochoric system without mass variations is dsi = dui/Ti.
Therefore, considering (1), the entropy balances of each
fluid are

ρ1
∂s1
∂t

=−ρ1v1
∂s1
∂z

+
hp

A1

(T2 − T1)

T1
(5a)

ρ2
∂s2
∂t

= ρ2v2
∂s2
∂z

−
hp

A2

(T2 − T1)

T2
(5b)

while the total entropy per unit of length define as
ŝ (z, t) = A1ρ1s1 (z, t) + A2ρ2s2 (z, t) has the dynamic
behavior

dŝ

dt
= hp

(T2 − T1)
2

T1T2
=: σ̂ (6)

where dŝ
dt = ∂ŝ

∂t
+ F1ρ1

∂s1
∂z

− F2ρ2
∂s2
∂z

is the comoving
time derivative and σ̂ (z, t) is the entropy production per
unit of length inside the hear exchanger (Kjelstrup et al.,
2010). Therefore, the total entropy production in the heat
exchanger is

Σ (t) :=

ˆ L

0

σ̂ (z, t) dz (7)

2.3 Steady state

At steady state (4) becomes

v1
dT̃1

dz
=H1

(

T̃2 − T̃1

)

v2
dT̃2

dz
=H2

(

T̃2 − T̃1

)

where [̃·] denotes steady state values. Notice from these
equations that

dT̃1

dz
= α

dT̃2

dz
where

α =
v2A2ρ2cv,2
v1A1ρ1cv,1

. (8)

Given the boundary conditions (2) and assuming that the
heat capacities are constants, it holds that

T̃2,out = T̃2,in −
(

T̃1,out − T̃1,in

)

/α. (9)
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On the other hand, according to (6) the steady state of
the entropy production per unit of length is

hp

(

T̃2 − T̃1

)2

T̃1T̃2

= v1A1
ρ1cv,1

T̃1

dT̃1

dz
− v2A2

ρ2cv,2

T̃2

dT̃2

dz

while the total entropy production according to (7) must
be

Σ̃ = v1A1ρ1cv,1 ln

(

T̃1,out

T̃1,in

)

+ v2A2ρ2cv,2 ln

(

T̃2,out

T̃2,in

)

or equivalently, with (9), a dimensionless total entropy
production with respect to fluid 1 is

Σ̃

F1ρ1cv,1
= ln

[

T̂1,out

T̂1,in

(

1−
T̂1,out − T̂1,in

αT̂2,in

)α]

. (10)

Equation (10) represents a key variable associated with
the irreversibility of the heat transfer that can be used to
optimize the operation of the heat exchanger, therefore
it will be used in the following section to define the
thermodynamic based regulation problem.

3. THERMODYNAMIC BASED REGULATION
PROBLEM

3.1 Problem statement

Consider the heat exchanger analyzed in section 2, the
typical control objective is stated in the following regula-
tion problem (RP):

RP To regulate the outlet temperature of fluid 1,
T1,out (t) around the reference T1,r manipulating the
linear velocity of fluid 2, v2 (t), while v1 (t), T1,in (t),
and T2,in (t) are considered as measured disturbances
with slow or step-like variations.

Many approaches can be applied to solve the regulation
problem RP, typically considering a control error of
the form e = T1,out (t) − T1,r, which is linear regarding
the fluid 1 outlet temperature, however on this work it
is proposed a nonlinear error related with the entropy
production. The use of the entropy production for control
design is appealing because it is related to the cost
of irreversibility in the heat exchanger associate to the
waste of energy. Thus, given the reference T1,r, the
dimensionless total entropy production with respect to
fluid 1 described in (10) at the reference value is

Σ̃r

v1A1ρ1cv,1
= ln

[

T1,r

T1,in

(

1−
T1,r − T1,in

αrT2,in

)αr
]

where αr = v2rA2ρ2cv,2/(v1A1ρ1c1), with v2r as the
linear velocity of fluid 2 required to reach the temperature
T1,r at the outlet of fluid 1, given the inflow temperatures
T1,in and T2,in and the linear velocity of fluid 1, v1. From
here, it is possible to define an error of the form

ε (t) = ln







T1,out (t)

T1,r

(

T̂2,out

T2,in

)α(t)

(

T̂2,out,r

T2,in

)αr






(11)

where T̂2,out = T2,in − (T1,out − T1,in) /α and T̂2,out,r =
T2,in − (T1,r − T1,in) /αr. Notice that α (t) depends on
time because, according to (8), α is proportional to
v2 (t), therefore the error (11) in addition to depend on
the output variable and its reference, T1,out (t) and T1,r,
respectively, it also depends on the control variable and
measured disturbances, v2 (t) and v1, T1,in, and T2,in,
respectively. Then, the regulation problem RP can be
specified as follows:

TBRP Given the outlet temperature of fluid 1, T1,out (t)
and its reference T1,r, the thermodynamics based regu-
lation problem consists in guaranteeing that the steady
state dimensionless total entropy production, given in
(11), satisfies that limt→∞ ε (t) = 0 by manipulating
the linear velocity of fluid 2, v2 (t), while v1 (t), T1,in (t),
and T2,in (t) are considered as measured disturbances
with slow or step-like variations.

3.2 Proposed controller

Let consider an ideal PID controller of the form

v2 (t) = −Kp

[

ε (t) +
1

τi

ˆ t

0

ε (τ) dτ + τd
dε (t)

dt

]

, (12)

where Kp is the controller gain, τi is the integration time,
and τd is the derivation time. Notice in (11) that ε (t)
depends on α (t) and α (t) depends on v2 (t), therefore
(12) contains v2 (t) in both sides of the equality, thus it
can not be easily applied to compute v2 (t). However, from
(12) it holds that

dε (t)

dt
= −

v2(t)
Kp

+ ε (t) + 1
τi

´ t

0
ε (τ) dτ

τd
. (13)

In addition, assuming that v1, T1,in, and T2,in are approx-
imately constant, the time derivative of (11) is

dε

dt
=

(

1

T1,out
−

1

T̂2,out

)

dT1,out

dt

+

[

ln

(

T̂2,out

T2,in

)

+
T1,out − T1,in

αT̂2,out

]

dα

dt
(14)

where dα
dt

=
A2ρ2cv,2

v1A1ρ1cv,1

dv2

dt
. Combining (13) and (14) the

time derivative of the linear velocity of fluid 2 is

dv2
dt

= −

v2
Kpτd

+ ε
τd

+ ζ
τdτi

+
(

1
T1,out

− 1
T̂2,out

)

dT1,out

dt

T1,out−T1,in

v2T̂2,out

+ 1
v1

A2ρ2cv,2

A1ρ1cv,1
ln
(

T̂2,out

T2,in

)

(15)

where ζ (t) allows to compute the integral
´ t

0
εdτ through

the dynamics
dζ

dt
= ε. (16)
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Given an initial condition for v2, (15) and (16) can be
integrated to give v2 (t), allowing to compute ε (t) with
(11), and guaranteeing that the control variable, v2 (t),
behaves similar to an ideal PID controller with respect
to error ε (t). Then the adjustable control parameters are
those of the PID controller, i.e. Kp, τi, and τd.

3.3 Simulation results

The behavior of the proposed controller composed of the
dynamic (15) and (16) and the error (11) was tested using
the parameters shown in table 1. The heat exchanger’s
PDEs (4) together with the boundary and initial con-
ditions (2) and (3) and controller’s dynamic (15) and
error (11) were numerically solved with Python using
a partial discretization method with 26 spatial nodes
(including boundaries), with backward approximations of
order (∆z)

2 for the convective term −v1
∂T1

∂z
and forward

approximation, also of order (∆z)
2, for the convective

term v2
∂T2

∂z
. Thus, the PDEs and boundary conditions

were reduce to a set of 50 ordinary differential equations
that, together with (15), were solve using a Adams/BDF
method with automatic stiffness detection and switch-
ing (Hindmarsh, 1983; Petzold, 1983). It is important
to remark that, as a preliminary test of the proposed
regulation problem, the time derivative dT1,out/dt is di-
rectly computed with the ODE of T1 at z = L from the
discretization.

To test controller performance, the system underwent a
set-point change and disturbances. The resulting closed-
loop dynamical behavior is shown in Figs. 2, 3, and 4.
In particular, Fig. 2 shows the time evolution of control
associated variables; Fig. 2a shows the control variable,
v2, Fig. 2b shows the output variable, T1,out, and Fig.
2c shows the error (11), ε. On the other hand, Figs. 3a
and 3b show the 3D temperature profiles of T1 and T2,
respectively, while Fig. 4 depicts the time evolution of the
total heat exchanger entropy production (7).

Initially, the temperatures of both fluids were 298 K
throughout the domain of z, the inflow temperature of
fluid 1 was T1,in = 298K and the set-point for fluid
1 was T1,r = 320K, while the fluid 2 linear velocity
and inflow temperature were v1 = 0.05m/s and T2,in =
400K, respectively (see Figs. 2b and 3); Immediately, the
controller increased v2 to decrease the initial error and
after a transitory time, T1,out reaches the set-point (see
Figs. 2a and 2c). Then, at t = 15min the set-point was

Table 1. Parameters of the heat exchanger and
controller.

Parameter Value Parameter Value

A1 0.00196m2 A2 0.02937m2

ρ1 800
kg

m3
ρ2 1000

kg

m3

cv,1 2.306 kJ
kg K

cv,2 4.186 kJ
kg K

p 0.15865m L 1m

h 2.5 kW

m2K
Kp 2

m
s

τd 1 s τi 25 s

Fig. 2. Closed loop heat exchanger dynamic response.
(a) Control variable: linear velocity of fluid 2, v2.
(b) Output variable: Outlet temperature of fluid 1,
T1,out. (c) Error, ε.

changed to T1,r = 315K and the controller increased v2
to decrease the error. At t = 24min a 20% perturbation
was induced in the linear velocity of fluid 1, with v1 =
0.06m/s, therefore the controller increased drastically v2
to compensate the disturbance. Then, at t = 33min and
t = 42min the inflow temperatures were perturbed to
T1,in = 390K and T2,in = 300K, respectively, and the
controller first decreased and later increased v2 to rapidly
recover from these disturbances (see Figs. 2 and 3). The
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Fig. 3. Closed loop temperature profile inside the heat
exchanger. (a) Temperature of fluid 1, T1 (z, t). (b)
Temperature of fluid 2, T2 (z, t).

Fig. 4. Total heat exchanger entropy production closed
loop dynamic response.

set-point change and disturbances applied to the system
produced a variation in the total heat exchanger entropy
production (see Fig. 4), however the controller was able
to asymptotically stabilize the error ε associated to this
total entropy production.

4. CONCLUSION

In the present work, a thermodynamics based regulation
problem is proposed to control a counter flow shell-and-
tube heat exchanger. The resulting controller, given by
(11), 15, and (16), has a dynamic behavior that de-
pends on the output variable (T1,out), its reference (T1,r),
the control variable (v2), and the measured disturbances
(v1, T1,in, T2,in), but it is independent of the spatial profile
of temperatures inside the heat exchanger. This controller
behaves as a PID with three adjustable parameters, Kp,
τi, and τd. The controller’s dynamic (15) and (16) was
integrated directly with the PDEs (4) with boundary and
initial conditions (2) and (3), where the time derivative
dT1,out/dt was directly computed with the ODE of T1

at z = L from the discretization, however this is a
preliminary work and as a future work it is proposed to
robustify the controller by using a filter to estimate the
time derivative dT1,out/dt from the measured temperature
T1,out and to assume uncertainty in the model parameters.
Finally, further analysis is required to evaluate if the
proposed error (11), correlated with the total entropy pro-
duction inside the heat exchanger, improves the efficiency
of the heat exchanger operation, associated to the cost of
irreversibility in the system, in comparison with a typical
error of the form ε = T1,out − T1,r.
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