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Abstract: Many nonlinear systems have complex behaviors where selfexcited and hidden
attractors exist and some times coexist. We investigate the synchronization problem for these
type systems under two different coupling configurations: drive-response and bidirectional.
In the first scheme, the coupling term in the response subsystem can be design as an
output feedback controller to achieve synchronization; while in the latter, since the states
of both systems depend on their interaction, the coupling terms are designed in terms of
their differences. As observed before synchronized behavior on a hidden attractor is very
difficult to achieve. In this sense our results show that for the drive-response configuration is
relatively simple to impose a synchronized behavior; however, on hidden attractors the region
of attraction of the synchronized solution reduces to that of the hidden attractor. Additionally,
in a bidirectional configuration the region of attraction of the synchronized behavior basically
disappears making the design of a static coupling considerably more difficult. We illustrate our
results with numerical simulations of systems with hidden and selfexcited attractors.

Keywords: Synchronization, Control of nonlinear systems, hidden attractors, drive-response,

bidirectional coupling.

1. INTRODUCTION

Synchronization is a universal and widely studied phe-
nomenon of nonlinear dynamics. In general terms, two or
more systems that interact through a subtle coupling are
said to be synchronized when their behaviors are corre-
lated in time [Pikovsky et al. (2001)]. Depending on the
features of their temporal correlation many different types
of synchronized behaviors can be defined, including: iden-
tical, phase, antiphase and generalized synchronization to
mention but a few [Boccaletti et al. (2002)]. A particularly
important form of the interaction between systems is the
so-called drive-response configuration [Pecora & Carroll
(1990)]. In this case, their one-direction interconnection
can easily be interpreted, from the viewpoint of control
theory, as a design problem where the coupling term in
the response subsystem can be obtained using different
control methodologies like robust [Rosas Almeida et al.
(2006)], adaptive [Hong et al. (2001)] and optimal design
[Pan & Yin (1997)] techniques. Alternatively to a drive-
response configuration, two dynamical systems can be
bidirectionally coupled. In general terms, in this con-
figuration the synchronization problem is more complex
since both subsystems depend on each other through their
interactions [Boccaletti et al. (2002)]. The solutions to
bidirectional synchronization problem has been naturally
extended to the context of dynamical networks [Boccaletti
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et al. (2006)], where problems like consensus and pinning
are significant research topics [Su & Wang (2013)].

In most of the works referred above the systems under
consideration are chaotic, that is, their solutions have
features like extreme sensitivity to differences in their
initial conditions, a dense set of periodic trajectories
of all periods, and transitivity between them. These
features give rise to well-known strange attractors like
Chua’s double-scroll and Lorenz’s butterfly that can be
reached from the vicinity of unstable equilibrium points
of the system [Ott (1993)]. This type of attractors are
called selfexcited [Leonov & Kuznetsov (2013)]. Recent
discoveries about the behavior of dynamical systems far
away from their equilibrium points have lead to the
classification of attractors as hidden if their basin of
attraction do not intersect with a neighborhood of an
unstable equilibrium point [Pham et al. (2017)].

Hidden attractors are inherently difficult to identify since
there is no intersection between their basin of attraction
and local unstable manifolds of its equilibrium points.
Therefore trajectories starting near an equilibrium point
will not lead the hidden attractor. Furthermore, since
their basins of attraction and even the attractor itself can
be very small and with a fractal geometry, the behavior
of coupled systems with hidden attractors can result in
amplitude dead [Chaudhuri & Prasad (2014)]. From the
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general description above, hidden attractors can be found
in systems without equilibrium, with an infinite number of
equilibria, or with at least one stable equilibrium. More-
over, as shown in [Kuznetsov & Leonov (2014)] hidden
and selfexcited attractors can coexist in the same dynami-
cal system. In the literature there is a large set of examples
of dynamical systems with hidden attractors. One of the
earlier examples comes from the set of simple chaotic flows
proposed by Sprott in the 90’s [Sprott (1994)], from case
A in this reference a plethora of systems without equilib-
rium points with hidden attractors were proposed in [Wei
(2011); Hu et al. (2016)]. Other authors have investigated
the existence of hidden attractors in dynamical systems
with an infinite number of equilibrium points [Jafari &
Sprott (2013); Jafari et al. (2017)]. Other examples of
dynamical systems with hidden attractors have stable
equilibrium points are found in [Wang & Chen (2012);
Yang & Chen (2008)]. Furthermore, for many systems
both types of attractors coexist [Leonov & Kuznetsov
(2013); Kuznetsov & Leonov (2014); Dudkowsk (2016);
Escalante-Gonzélez & Campos-Cantén (2020)].

Most of the examples above have nonlinearities with
quadratic and higher order terms. However, simpler ver-
sions of systems with hidden attractors are derive from
piecewise linear (PWL) systems [Leonov & Kuznetsov
(2013); Delgado-Aranda et al. (2020); Escalante-Gonzélez
& Campos-Cantén (2021)]. A methodology that combines
analytical and numerical components can be used to
identify hidden attractors in nonlinear dynamical systems
using analytical tools, like harmonic linearization and
describing function, to establish the existence of stable
oscillatory solutions for a linearized version of the original
system with a very small nonlinear perturbation. Then,
through numerical continuation the perturbation is grown
until the perturbed systems is identical to the original
system. If this numerical process identifies an oscillation
that persists and is not associated with any equilibrium
point of the nonlinear system a hidden attractor is found
[Dudkowsk (2016)]. Using these ideas selfexcited and hid-
den attractors can be identify for the same dynamical
system [Kuznetsov & Leonov (2014)].

In this contribution, we investigate the synchronization
problem of dynamical systems with selfexcited and hidden
attractors in both drive-response and bidirectionally cou-
pled configurations. We propose an output feedback con-
trol based design as their interconnections such that iden-
tical synchronization is asymptotically achieved. However
as observed in [Kuznetsov & Leonov (2014); Chaudhuri &
Prasad (2014)] the emergence of synchronized behavior is
not easily obtained with the possibility of amplitude dead
due to their interactions. We present a justification for the
observed difficulty to achieve synchronization on hidden
attractors as a consequence of size difference between
their basins of attraction that make the synchronization
more likely in drive-response configurations towards a
selfexcited attractor that in all other combinations.
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Fig. 1. Hidden attractor of the system without equi-
librium points (1) from the initial condition
[~1.6,0.82,1.9]T.

The remainder of this contribution is organized as follows.
In Section 2 we provide some examples of dynamical
systems with hidden attractors of different natures. In
Section 3 we describe the synchronization problem for
drive-response and bidirectional configuration along with
an output feedback design solution. In Section 4 we
use numerical simulations to illustrate our main results.
Finally we provide some final remarks and future work.

2. HIDDEN ATTRACTORS OF DYNAMICAL
SYSTEMS

By definition an attractor of a dynamical system without
equilibrium points is hidden. For example, the following
modification of the Sprott system case A [Wei (2011)]:

(1) = —wa(t),

.’I?Q(t) = l’l(t) + l‘3(t>,

ng(t) = 21’2(t)2 + xl(t)Ig(t) —0.35
results in the hidden attractor shown in Figure 1.

An interpretation of Chua’s circuit is as a continuously
connected PWL system. Using this interpretation as
inspiration many different hidden attractors have been
found in PWL systems [Escalante-Gonzélez & Campos-
Cantén (2020)]. On the other hand, the Sprott systems
can be interpreted as generated from the Jerk equation
with a nonlinear component [Sprott (1994); Zhang & Zeng
(2019)]. Therefore, combining these ideas one can find
hidden attractors in systems based on the Jerk equation
with PWL nonlinearities like the following system:

i1 (t) 0 1 07 [zi(t) 0
is(t) —0.7 0.5 —1] [a3(t) 1

(2)
with F(zq(t)) = —5(3.5)(lz1(t) + 1] — |21(t) — 1]), which
results in the selfexcited attractor and the coexisting
hidden attractors in Figure 2.

In the following Section we describe a solution for the
synchronization problem in both the drive-response and
bidirectional configuration.

3. THE SYNCHRONIZATION PROBLEM

Consider two coupled identical dynamical systems:
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Fig. 2. Coexisting selfexcited and hidden attractors for
(2) from the initial conditions [0.1,0.1,0.1] " (self)
[70.9488, +:2.1717, ¥2.1652] T (hidden)

| K,(wlt),zlt)) |

Fig. 3. Drive-response scheme

I Kylwlr],z(e)) lI

K {wlt),z(t]]

Fig. 4. Bidirectional scheme

B0 = FEO)+ Ko@)
w(t) = Cx(t)
i) = FO) + Kalw),20)
z(t) = Cy(t)

where x(t),y(t) € R3 are the state variables; F(-)
R? — R? describes the system’s dynamics, which is
usually nonlinear and at least locally Lipschitz. The
variables w(t) € R and z(t) € R are the outputs of
the corresponding systems with C' € R!'*3. While the
coupling functions K;(-,+) : R — R3 for i = 1,2 are to
be design such that:

Jim [Ja(t) ~ y(0)]| =0 (5)
In other words, the coupling functions K;(-,-) are to
be design such that systems (3) and (4) asymptotically
achieve identical synchronization. As shown in Figure 77,
we have two coupling configurations:

e Drive-Response configuration (Figure 3) which cor-
respond to the coupled system (3)-(4) with K (-,-) =
0 and Ks(-,+) #0

e Bidirectional coupling configuration (Figure 4) for
the coupled systems (3) and (4) with K;(-,-) # 0
and KQ(', ) 75 0

Additionally, these coupling functions are assume to be
linear combinations of the difference between the system’s
outputs, i.e. diffusive symmetric output coupling:
Ky(w(t), 2(t)) = ra(w(t) — 2(t)) = k1 C(y(t) — x(t))
Ka(w(t), 2(t)) = ra(z(t) —w(t)) = r2C(2(t) — y(t))
(6)
where k; € R3*! for 4 = 1,2 are the coupling gains that
are to be design such that (5) is satisfy.
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3.1 Synchronization on a drive-response scheme

To verify the emergence of identical synchronization in
(3)-(4), in the sense of (5), we define the error variables:

ex(t) = (1) — (1)
ex(t) = y(t) — (1), (™

with e (t) = —ea(t).

In the drive-response configuration, since K (-,
have the error dynamics:
é1(t) = Fr — reC(y(t) —x(t)) = F1 — saCe(t)  (8)

where Fy = F(z(t))—F(y(t)). Then, if the error dynamics
(8) are at least locally asymptotically stable the drive-
response coupled systems (3)-(4) will synchronize.

) =0, we

The stability of (8) can establish using the Lyapunov
function

Viei(t)) = ex(t) " Pes(t) (9)
with P = PT > 0 a positive definitive matrix. Its
derivative along the trajectories of (8) is:

V(Bl(t)) == FlTPel(t) +61(t)TPF17

Bl(t)T[(KQC)TP+PHQC]el(t))
Under the assumption that:

P(F(z(t)) — F(y(t))) < LP(x(t) —y(t))  (11)

with L € R. The derivative of the Lyapunov function is
bounded by

(10)

Vier(t)) < ex(t) Qe (1) (12)
with Q = 2LP—(k3C) T P+ ProC. For the error dynamics
(8) to be locally asymptotically stable we need to have @
as a negative definitive matrix, that is:

2LP — (k2C) P + ProC < —713 (13)

with 7 > 0 and I3 the square identity matrix of dimension
three. Then, by choosing k2 such that (13) is satisfied the
drive-response coupled system (3)-(4) will synchronize.

Example 1. Synchronization of Rossler systems in drive-
response configuration

Consider a Rossler system as the drive with x2(t) as the
output:

—22(t) —
( + 0.2z
y (t)x

o ]
0 —sam@] 09

)

+
w(t) = (t)

and the response system coupled at the second variable:

Y1 (t) —ya2(t) — y3(t)

U2(t) | = | y1(t) + 0.2y2(t) — K2a(ya(t) — w2(t))
ys(t)

z(t) = y2(t)

0.2 + y1(t)ys(t) — 5.7ys(t)

(15)
The resulting error dynamics are locally asymptotically
stable with k3 = [0,0.5,0]T. For the numerical simula-
tions in Figure 5 the coupling gain koo is changed from
zero to 0.5 after 150 time units.
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Fig. 5. Synchronization of coupled Réssler systems in
drive-response configuration with ko = 0.5 for t >
150
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Fig. 6. Synchronization of bidirectionally coupled Lorenz
systems 17 = 50 for t > 150

8.2 Synchronization on a bidirectionally coupled scheme

In the bidirectionally coupled configuration the error
dynamics are:
el(t) = F1 + I€10€2(t) — chel(t)
ég(t) = I+ Iigcel(t) — nlCeg(t)
with Fy = F(y(t))— F(z(t)). For simplicity, let k1 = k2 =
x € R3, then when synchronization is achieve we have a
solution for the coupled systems where:

a(t) = y(t) = s(t) (17)
That is, when the systems are synchronized the coupling
functions in (6) are zero and each node moves as:

8(t) = F(s(t))

We define a set of error variables to describe the deviation
from the synchronized solution as:

e1(t) = x(t) — s(t)

(16)

(18)

ex(t) = y(t) — s(t). (%)
Then, the deviation error dynamics are:
61(t) = Fls + K/Cﬁg(t) — HCGl(t) (20)
ég(t) = FQS + KZCEl(t) — HCGQ(t)
where Fi, = F(z(t)) — F(s(t)) and Fos = F(y(t)) —
F(s(t)). That in vector form become:
E(t) = F+ (A® xC)E(t) (21)
_ | el 6 @_ |Fis| . Re 6
where E(t) = Lz(t)} €eR’ F = |:F28:| : R® —» RS,

A= [ _11 _11 ] is the Laplacian matrix of the bidirectional
connection, and ® represents the Kronecker product.

Bidirectional synchronization of the coupled systems (3)-
(4) is achieved if the deviation error dynamics (21) are
at least locally asymptotically stable around its zero
solution.

The stability of the deviation error is investigated lin-
earizing (21) at the zero solution, which results in:
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E(t) = [DF(s(t)) + (A® C)] E(t) (22)

where DF(s(t)) = [DF(s(t)), DF(s(t))] " with DF(-) the
Jacobian matrix of the system’s dynamics. Since A is a
Laplacian matrix there is a change of coordinates E(t) =
vy (t),v2(t)] " with @ constructed with eigenvectors of
A, such that the linearized deviation error can be written
as:

1 (t) = [DF(s(t)) + M kcCl v (1)

Ua(t) = [DF(s(t)) + AarC| a(t)
with A\; = 0 and Ay = —2 the eigenvalues of A. Since \;
corresponds to the synchronized solution x(t) = y(t) is
sufficient to prove that ©5(t) = [DF(s(t)) + AakC] ra(t)
is asymptotically stable. Which can be done using the
Lyapunov function

V(1a(t)) = va(t) "M (t) (24)

with II = IIT > 0 a positive definitive matrix of
appropriate dimension. The derivative along the second
equation of (23) is:

(23)

V() = va(t) T ([DF(s(t)) 4+ AerC] ' 1T

LT DF(s(t)) + AarCl)va(t) (25)

The derivative of the Lyapunov function is strictly nega-
tive if
[DF(s(t)) 4+ A\2kC] " I+ I [DF(s(t)) 4+ AekC] < —7o13
(26)
with 75 > 0. Then choosing x such that (26) is satisfied,
the coupled system (3)-(4) will bidirectionally synchro-
nize.

Example 2. Synchronization of Lorenz systems in bidi-
rectional coupling configuration

Consider two Lorenz system coupled through their first

coordinate:
T1(t
légtﬂ | 2800 (1) = wa(t) - @1 (t)as(t)
3(t) z1(t)za(t) — §$3(t)
w(t) = zi(t)
(27)
and the response system coupled at the second variable:

£ 100(1) = (1) = Fia(os(6) = 14 (1)

10(z5(t) — 21(2)) = £11(y1 (£) — 21(2))

28y1(t) — 12 (éf) —y1(t)ys(t)
y1(t)ya(t) — gys(t)
y1(t)

IS
—~

~+
~

(28)

The resulting deviation error dynamics are locally asymp-
totically stable with x = [50,0,0]T. For the numerical
simulations in Figure 7 the coupling gain x1; is changed
from zero to 50 after 150 time units.

In the following Section we investigate the effectiveness of
our solutions to the synchronization problem for systems
with hidden attractors.

Copyright© AMCA, ISSN: 2594-2492
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Fig. 7. Synchronization of drive-response coupled systems
with hidden attractors (1) with k3 = 5 for ¢t > 150

4. SYNCHRONIZING TO A HIDDEN ATTRACTOR
We start by considering two identical system with hidden
attractors (1) in a drive-response configuration

Example 3. For two system without equilibrium points
(1) in a drive-response configuration

Let the sum of 1 (¢) and x2(t) be the driving signal and
the response system be coupled at the third coordinate,
then we have:

Yot

. )
t
lgggtﬂ 1 (6) + ()

mnl 2@/2(%2 v (1)ys(t) — 0.35
z(t)

g) wa(t)) + (ys(t) — z3(t))]
(29)

The error dynamics are locally asymptotically stable for
#x = [0,0,5]". In Figure 7 the coupling gain 33 is changed
from zero to 5.0 after 150 time units.

—hk33[(Y2
= ya(t) + ya(

Next we consider bidirectionally coupled systems with
both selfexcited and hidden attractors.

Example 4. Consider two PWL systems (2) with initial
conditions such that both have as their solution hidden
attractors, then they are bidirectional coupled at their
third coordinate through their second variable, that is
the systems become:

i (1) | ;zgg ]

lfgg 1 = | 20721 (8) — 0.52s(t) — w3(1) (30)

° L +F(21(t)) — rs2(y2(t) — z2(1)) ]
w(t) = za(t)
and the response system coupled at the third variable:

. M ya(t T
341(? _ 338
42 Et% | =0.7y1(t) — 0.5ya(t) — ya(t) (31)
vs L +F(y1(t)) — Ksa(z2(t) — y2(t)) |

2(t) = va2(t)

The resulting deviation error dynamics are locally asymp-
totically stable with x = [0,2.5,0]". For the numerical
simulations in Figure 8 the coupling gain k3o is changed
from zero to 2.5 after 150 time units. Notice that although
the systems synchronize to each other, the resulting be-
havior is now that of the selfexcited attractor in both
systems, this is change is due to the effect of the coupling
terms that before dissipating move the solutions to the

basin of attraction of the selfexcited attractor making the
hidden attractor solution unreachable.

5. CONCLUSION

We proposed a general framework to solve the synchro-
nization problem of two dynamical systems in drive-
response and bidirectional coupling configurations. The
general nature of the proposed synchronization design
scheme allows to show that in the case of dynamical
systems with hidden and selfexcited attractors the result-
ing behaviors have particularities. Our results show that
in the drive-response configuration is relatively simple
to impose a synchronized behavior be it of a hidden
or a selfexcited attractor, e.g. examples one and three.
However, in a bidirectional configuration the region of
attraction of the synchronized behavior changes and while
for a self-excited attractor the design easily is achieved.
For a hidden attractor the effect of the coupling terms
means that the hidden attractor basically disappears and
the resulting behavior is that of a self-excited attractor,
as shown in examples two and four. We believe that detail
analysis of the basins of attraction for the coupled systems
may lead to a design where the synchronized solution be
their hidden attractor, investigations in this direction are
on their way, and the results will be reported elsewhere.
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