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Abstract: This paper proposes an innovative method to estimate the states in a nonlinear
time-delayed quorum sensing (QS) model using an extended Kalman filter (EKF) observer. By
addressing the inherent time delays in QS system which arise as a delayed response of bacteria
to population fluctuations, the study introduces variable structure dynamical estimators,
specifically the EKF, to approximate missing states based on available measurements. The
EKF observer is applied to estimate four out of five internal non-measurable nonlinear states
in a time-delayed QS model. This is the first attempt to utilize the EKF state estimation
in nonlinear time delay QS models. The research contributes to the understanding of QS
systems, provides insights into the communication dynamics inside biological systems, and
offers a practical solution for estimating states in realistic scenarios.
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1. INTRODUCTION

Quorum sensing (QS) describes the regulation of biolog-
ical organisms gene expressions in response to changes
in the population density sensed by certain signaling
molecules called autoinducers. There exist diverse QS sys-
tems, but those regulated by autoinducers acyl homoser-
ine lactones (AHLs) are particularly important. For in-
stance, some QS circuits moderated by AHL molecules are
used to explain some human pathogens virulence, as in the
case of the Pseudomonas aeruginosa, (Lazdunski et al.,
2004), Streptococcus pneumoniae (Karlsson et al., 2007),
and Staphylococcus aureus (Lyon and Novick, 2004), to
name a few. When concentration of AHL reaches cer-
tain threshold, different expressions of specific genes are
triggered through the action of diverse proteins. Between
them, certain class of intracellular protease called LuxI
and a type of lactonase named AiiA are particularly im-
portant since it is well known that they participate in the
synthesis and hydrolisis of AHL, respectively. The collec-
tive result obtained by the interplay of the aforementioned
substances is that populations can achieve physiological
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and regulatory functions that cannot be reached by a
single individual.

In general, QS regulatory circuits assume the instanta-
neous production, release, recognition, and response to
autoinducers. However, there exist inherent time delays
due to transcription and translation processes that have
increasingly been taken into account in the models. For
instance, in Barbarossa et al. (2010) a time delay was
introduced to consider a lagged activation of lactonase
which prompts autoiducers communication. In Zhang
et al. (2016) a model of Escherichia coli gene regula-
tory network is affected by introducing time delays in
transcription and translation processeses. A translation
delay of 1-3 min is used to synthesize certain protein from
mRNA in Honkela et al. (2015) or a transcriptional delay
of 10-20 min is present between the action of a gene factor
and maduration of corresponding mRNA (Monk (2020)).

It has been widely recognized that a better understand-
ing of the QS system for using it in the solution of
human health problems depends on full knowledge of
diverse model variables and some capabilities to measure
them. In this sense, for instance, LuxI can be quantified
using methods such as Western blotting, enzyme-linked
immunosorbent assay (ELISA), and fluorescence-based
approaches like fluorescence resonance energy transfer
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(FRET). In addition, biosensors have been developed to
measure the concentration of autoinducers and LuxI in
real-time. Biosensors are devices which utilize receptor
molecules coupled with transducers like green fluorescent
protein (GFP) or luciferase reporter genes, to convert the
binding events into measurable signals. It is important to
mention that LuxI is relatively easier to measure com-
pared to some other substances, because it is a protein
whose concentration can be detected using specific anti-
bodies or fluorescence-based assays.

The measurement of QS related substances is always a
challenge as they depend on several chemical and physical
reactions whose estimation show practical limitations. To
complement the measuring process, variable structure dy-
namical estimators could be designed to estimate missing
states and/or parameters once a linear or a nonlinear
time delay model is at hand (Richard (2003)). For in-
stance, in Marquez-Martinez et al. (2000) and Batmani
and Khaloozadeh (2014) some change of coordinates is de-
signed to give a nonlinear time delay system a linear-like
structure where linear estimation techniques accomplish
approximation of states and parameters. A control sys-
tems approach is addressed in Raff and Allgower (2006)
and Hugues-Salas and Shore (2010) where an extended
Kalman filter (EKF) based observer is designed. Although
the aforementioned techniques are widely applied in con-
trol systems, estimation of variables in time delay QS
models is still an open problem.

Contribution. In this work the estimation of four out of
five internal states in a nonlinear time-delayed QS model
using an EKF is accomplished. Selection of known states
is supported on the physical measuring capabilities of QS
substances. With base on standard chemical experiments
this paper suggests that only the LuxI protein can be
effectively measured. Local stability and convergence of
the estimation error dynamics is reached.

The remaining manuscript is organized as follows: a
summary of the particular time delay QS (TDQS) model
addressed in this work is given in Section 2. The EKF
based observer for general time delay nonlinear dynamics
reported in Raff and Allgower (2006) is summarized in
Section 3, where its application to the TDQS model is also
explained. Numerical results and discussion are detailed
in Section 4. Finally, conclusions can be found in Section
5.

2. QUORUM SENSING TIME DELAY SYSTEM

A biochemical model of QS which describes the relation-
ship between AHL, LuxI and AiiA proteins in the Vibrio
fischeri and Bacillus thuringiensis, that take into account
the time delay dynamics of the internal AHL, has been
proposed by Chen et al. (2020), based on the analysis by
Prindle et al. (2014), and is given by the model:
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where x, y, z, p, w denote the intracellular concentrations
of AiiA, LuxI, internal AHL, external AHL and AHL
substrate, respectively. Parameters k1 and k8 denote the
AiiA copy number and the LuxI copy number, d is the
cell density, k10 represents the AHL synthesis rate by
LuxI. Difference multiplied by D describe the diffusion
across the membrane where p(t) describes the dilution of
external AHL. Factors multiplied by k5 and k9 represents
the enzymatic degradation of LuxI and AiiA, respectively.
k2, k3, k4 denote Lux promoter basal production, Lux
promoter AHL induced production and AHL promoter
binding affinity, respectively. k6 is AiiA binding affinity
to ClpXP, k7 LuxI binding affinity to ClpXP, k11 AHL
substrate binding affinity to LuxI, and k13 is AHL binding
affinity to AiiA. S0 stands for basal AHL substrate
production, and k12 is the AHL degradation rate by
AiiA. In this model, time delays due to transcription,
translation, and maturation of functional AiiA and LuxI
proteins are condensed in a unique time delay τ .

This model is useful to obtain a comprehensive under-
standing of QS systems, and allows to: obtain an accu-
rate representation of the biological processes involved,
provide insights into protein production kinetics, enable
predictions and simulations, aid parameter estimation,
and facilitate the study of time-dependent phenomena.
By considering the temporal dynamics and sequence of
events in protein production, this model enhances our
understanding of QS dynamics and aids in experimental
design and optimization.

2.1 Discussion on the experimental measurements of the
variables in the QS model

One of the most widely used techniques for real-time con-
centration measurement of autoinducers is surface plas-
mon resonance (SPR). SPR allows for label-free detection
of molecules by monitoring changes in the refractive index
near a metal surface. It has been used to measure the
binding of autoinducers to their receptors, as well as
to quantify the concentration of autoinducers in solu-
tion. Other techniques for autoinducer detection include
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enzyme-linked immunosorbent assays (ELISAs), fluores-
cence resonance energy transfer (FRET), and mass spec-
trometry (MS). For LuxR and LuxI, the concentration
can be measured using a variety of techniques. The most
common method is Western blotting, which involves the
separation of proteins using gel electrophoresis, followed
by transfer to a membrane and detection with specific
antibodies. This technique has been used to measure
the concentration of LuxR and LuxI in various bacterial
strains. Another method is enzyme-linked immunosorbent
assay (ELISA), which uses specific antibodies to detect
and quantify the protein of interest. Fluorescence-based
methods such as fluorescence resonance energy transfer
(FRET) and Förster resonance energy transfer (FRET)
have also been used to measure the concentration of
LuxR and LuxI. In addition to these traditional tech-
niques, biosensors have been developed to measure the
concentration of autoinducers, LuxR, and LuxI in real
time. Biosensors are analytical devices that detect and
respond to specific biological or chemical molecules. They
have been developed for a wide range of applications, in-
cluding environmental monitoring, food safety, and med-
ical diagnostics. Biosensors for QS typically consist of
a receptor molecule that recognizes the autoinducer or
regulatory protein of interest, coupled with a transducer
that converts the binding event into a measurable signal.
Several biosensors have been developed for the detec-
tion of autoinducers. One example is the LuxR-based
biosensor, which utilizes LuxR as the receptor molecule
and a green fluorescent protein (GFP) reporter gene as
the transducer. The binding of autoinducers to LuxR
activates the expression of the GFP gene, resulting in
fluorescence that can be measured in real time. Another
biosensor is based on the LuxI/LuxR QS system and uses
LuxI as the receptor molecule and a luciferase reporter
gene as the transducer. The binding of autoinducers to
LuxI results in the synthesis of a substrate for luciferase,
which produces light that can be measured in real time.
Biosensors have also been developed for the detection
of LuxR and LuxI. One example is the use of split-
luciferase complementation assays, which involve the co-
expression of two non-functional fragments of luciferase
fused to LuxR or LuxI. When LuxR or LuxI is present
at high concentrations, it brings the two fragments of
luciferase into proximity, resulting in complementation
and the production of light that can be measured in real
time. Overall, a variety of techniques have been developed
for measuring the concentration of autoinducers, LuxR,
and LuxI in real time. These techniques are essential
for understanding the dynamics of QS and have a wide
range of applications in basic research, biotechnology, and
medicine.

2.2 Assumptions of the model

(1) The system (1) has a unique positive equilibrium
point since from the biology point of view only
positive equilibrium is of interest. Such equilibrium
is denoted by E∗ = (x∗, y∗, z∗, p∗, w∗) and it is

defined as the point which satisfies the equations set
ẋ = 0, ẏ = 0, ż = 0, ṗ = 0, ẇ = 0 given from system
(1) evaluated in (x∗, y∗, z∗, p∗, w∗).

(2) From the discussion presented in Sect. 2.1, it is
assumed that LuxI, i.e. the state y is the only
measurable variable,

(3) The system parameters, as well as the time-delay are
known,

(4) Variables x, w, p and w are not measurable.

Determining the concentration of autoinducer synthase
enzyme LuxI has several advantages. Since LuxI produces
the autoinducer molecule required for the signaling path-
way, its activity directly correlates with QS activity. The
study can focus and observe the QS processes of Gram-
negative bacteria by concentrating on LuxI, measuring
its concentration, sheds light on the regulatory mech-
anisms governing QS and the effects of environmental
variables and cell density on LuxI expression and activ-
ity. Additionally, it makes it possible to quantitatively
analyze QS dynamics, which makes it easier to research
activation kinetics and how it affects bacterial behavior
and population dynamics. Moreover, LuxI measurement
has diagnostic implications as well because it may be
connected to abnormal expression or poorly controlled
QS. Therefore, in this work we focus on considering that
LuxI as the only measurable variable.

3. NONLINEAR OBSERVER OF THE TDQS
SYSTEM.

3.1 Extended Kalman filter for general nonlinear time
delay systems.

From Raff and Allgower (2006), it is taken into consid-
eration the class of nonlinear time delay systems in the
form:

ẋ (t) = f(x (t) ,x (t− τ)),

x (t) = ψ (t) , t ∈ [−τ, 0],

y (t) = Cx (t) , (2)

where x ∈ R
n is the state, x(t−τ) is the delayed state with

τ > 0 the time delay, C ∈ R
m×n is a constant matrix,

y(t) ∈ R
m is the measured output and ψ (t) ∈ R

n, t ∈
[−τ, 0] is the continuous initial value function vector. The
following system is proposed to reconstruct the missing
states from a measurable output

˙̂x (t) = f(x̂ (t) , x̂ (t− τ)) + L(t) (y(t)−Cx̂ (t)) ,

x̂ (t) = ξ (t) , t ∈ [−τ, 0], (3)

where x̂(t) (x̂(t−τ)) is the state estimate of x (t) (x(t−τ))
and ξ(t) is the initial condition function vector that has
the same dimension as ψ(t). By following the procedures
of the extended Kalman filter based estimators, take the
following Taylor series expansion

f (x (t) ,x (t− τ))− f (x̂ (t) , x̂ (t− τ)) =

A (t) (x (t)− x̂ (t)) +Aτ (t) (x (t− τ)− x̂ (t− τ)) + . . .

ϕ (x (t) ,x (t− τ) , x̂ (t) , x̂ (t− τ)) ,
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where, according to Raff and Allgower (2006), a lineariza-
tion term in the time delay is considered since

A (t)
∆
=

[

∂f(x (t) ,x (t− τ))

∂x (t)

]∣

∣

∣

∣ x (t) = x̂ (t)
x (t− τ) = x̂ (t− τ)

,

Aτ (t)
∆
=

[

∂f(x (t)x (t− τ))

∂x (t− τ)

]∣

∣

∣

∣ x (t) = x̂ (t)
x (t− τ) = x̂ (t− τ)

(4)

and ϕ(·) encompasses the higher order terms. The ob-
server gain matrix L(t) is computed as

L (t) = P (t)CR−1, (5)

with R ∈ ℜm×m a positive definite constant matrix and
P(t) is the solution of the modified Riccati matrix

Ṗ (t) = (A (t)− L (t)C)P (t) +P (t)
(

AT (t)
)

+Q+ γAτ (t)A
T
τ (t) , (6)

where γ is a positive constant and Q ∈ R
n×n, Q a con-

stant positive definite matrix. In addition, the following
assumptions are in order.

Assumptions

(i) There exist constants δ, ρ > 0 such that

δI ≤ P (t) ≤ ρI.

(ii) The higher-order terms in the Taylor expansion given
by ϕ(·, ·, ·, ·) are such that there exist constants
µ, ν > 0 that

∥ϕ (x (t) ,x (t− τ) , x̂ (t) , x̂ (t− τ)) ∥ ≤

µ||x (t)− x̂ (t) ||2 + ν||x (t− τ)− x̂ (t− τ) ||2.

Remark 1. Assumption (ii) implies estimated variable is
guaranteed to be within a region of validity in which A(t)
and Aτ (t) are representative of the nonlinear behavior
among the trajectories of the observed state, which is
conventional in the EKF.

Remark 2. Modified Riccati equation (6) differs from
the classical equation by the introduction of the term
γAτA

T
τ . The delay jacobian term in the Taylor expan-

sion was pointed out by Raff and Allgower (2006). To
compensate this term, γ is introduced in order to reduce
its action in the error dynamics. This combination allows
to generate a robust observer which deals with noise
and nonlinear delay terms. Regarding global stability, it
depends on the unboundedness of matrix P, but given
assumption (i), only local stability can be achieved (for
further details see Hugues-Salas and Shore (2010)).

From the previous discussion, the following lemma can be
established:

Lemma 1. (Raff and Allgower (2006)) Consider the non-
linear time-delay system (2) and its proposed observer
given in (3)-(6). Let the assumptions (i) and (ii) hold.
Then the system (3)-(6) is a local observer of (2), i.e. the
reconstruction error x(t)− x̂(t) is locally stable.

3.2 Application of the robust observer to TDQS model.

By applying the proposed EKF to (1), it is obtained, from
(4):

A(t) = (A1, A2, A3, A4, A5) (7)
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4. NUMERICAL RESULTS

The proposed method was applied considering the pa-
rameters k1 = 1, k2 = 0.6, k3 = 3, k4 = 0.1, k5 = 15,
k6 = 1, k7 = 0.2, k8 = 4, k9 = 8, k10 = 1, k11 = 25,
k12 = 1, k13 = 0.1, D = 0.8, d = 0.1, µ = 0.5
and S0 = 50 for the model, with an initial condition
x(0) = (70, 100, 0.05, 0.01, 10)T , and C = (0, 1, 0, 0, 0),
Q = diag(0.01, 0.01, 0.01, 0.01, 0.01, 100), R−1 = 0.01I,
b = 100, g = 100. In Fig. 1 and 2 it can be seen
how, even with only one measurement available, the ob-
server effectively reconstructs the remaining states. In
order to obtain a reasonable sense of its observability,
the linearization of the system without time-delay was
obtained around the equilibrium point given by x∗ =
(81.581, 122.371, 0.0891744, 0.0134603, 11.4832), resulting
in an observable system. However, it is still an open ques-
tion the observability analysis for the nonlinear system
that considers the time-delay.

In order to test the robustness of the proposed algorithm,
it was also considered that the LuxI measurement could
only be obtained in samples of Ts = 20s seconds, so a zero-
order hold was considered as the input of the observer
(that is y(t) = y∗, t ∈ (t, t + Ts)), where y∗ is the
sample of the state variable y in time t, that is maintained
constant until the next sample is measured. In Fig. 3 and
4 it is shown how, even under these restrictive measuring
conditions, the observer is still capable of reconstruct the
rest of the states. In Fig. 5 it is shown how the matrix P(t)
fulfills Assumption (i) during all the observation process,
that also gives an insight on the reconstruction process as
well as a numerical approximation on the observability of
the system.

5. CONCLUSIONS

In this paper it was presented an method for estimating
parameters and states in a nonlinear time-delayed quorum
sensing model using an extended Kalman filter (EKF)
observer that also addresses the the inherent time delays
in QS systems as well as considerations for physically
measurable states in realistic scenarios. The effectiveness
of the proposed method was shown in different scenarios,
considering that the measurements are not continuously
available but only in determined time instants, and reach-
ing a convergent estimation. Future work considers in-
corporating the time delays inherent to the measurement
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Fig. 1. Observer results to reconstruct the states using
only the measurement of LuxI.
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Fig. 2. Estimation error using only the measurement of
LuxI.

process, added to the sampling effect, and also a paramet-
ric reconstruction. Also, it is still an open research field
the analysis of the observability region of the nonlinear
model.
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