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Abstract: An observability analysis of a dynamical model of a quadrotor UAV is presented for
four different sensor configurations of interest. The dynamic model is obtained by employing
the Euler-Lagrange formulation. Then the observability analysis is carried out by employing
nonlinear geometrical tools. The results obtained show some non intuitive results such as
nonuniformly observability for some cases. A simulation study is also presented to validate the

analysis.
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1. INTRODUCTION

Recently, Unmanned Aerial Vehicles (UAV) have been
extensively studied thanks to their many applications
that range from infrastructure inspection (Parlange et al.,
2018), surveillance (Ramachandran and Sangaiah, 2021),
natural disasters response (Quero and Martinez-Carranza,
2025), aerial photography (Wang et al., 2023), crop mon-
itoring Olivares-Figueroa et al. (2024), and even delivery
services Vazquez-Meza and Martinez-Carranza (2024),
among others.

For implementing an automatic controller, it is necessary
to obtain feedback of the UAV position, orientation, and
linear and angular velocities. Most UAVs are equipped
with an inertial measurement unit (IMU). The IMU
includes an accelerometer, a gyroscope, and, in some
cases, a magnetometer. With the accelerometer and the
gyroscope, the IMU can sense linear acceleration and
angular rate. In turn, the magnetometer works as the
UAV’s compass.

To obtain information about the drone position with re-
spect to an object or a fixed frame, most UAVs rely on ex-
ternal sensors, such as global positioning systems (GPS)
or motion capture systems. Nevertheless, these systems
have some drawbacks, e.g. the low accuracy of the GPS,
and its lack of reliability on noncovered zones, and the
low portability of the motion capture systems, leaving out

the high costs of both systems. An attractive alternative
consists in employing low-cost video cameras and some
algorithm such as the so-called Simultaneous Localization
and Mapping (SLAM). Although these algorithms are
nowadays a standard in several robotic systems (Sonugiir,
2023), there are still not sufficient for its use in feedback
for advanced control techniques due to their low latency
and its high computational cost.

In summary, there is a great amount of active re-
search on signals estimation for UAVs not only for high-
performance control applications, but for fault-detection,
fault-tolerant controllers, system monitoring, and so on.

In this work, we aim to theoretically analyze the observ-
ability properties of some combinations of state measure-
ments, which can be of interest in several applications.
Four cases are presented and analyzed by employing ge-
ometrical tools, leading to non intuitive conclusions in
some of the cases.

The paper is organized as follows: in Section 2, the UAV
kinematic and dynamic models employed for the analysis
are introduced. In Section 3 the observability analysis is
presented. A discussion about the results of the analysis is
presented in Section 4. Finally, some concluding remarks
and directions for future work are given in Section 5.
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Fig. 1. Quadcopter with X configuration
2. MATHEMATICAL MODEL

In this section a mathematical model of the UAV is
presented. An oversimplified representation of an UAV
quadcopter (Luukkonen, 2011; Artale et al., 2013) is
shown in Figure 1.

2.1 Kinematics

For obtaining a suitable mathematical model to carry out
the different observability analysis, the Euler-Lagrange
formulation is employed here. Let us start with the
definition of the so-called generalized coordinates, defined

[t

where € € R¥ is the position of the quadcopter frame
origin with respect to a fixed frame, n € R¥ is the vector
accounting for roll-pitch-yaw angles which represent the
rotation of the UAV frame with respect to the fixed frame.
These six coordinates are bounded in the vector ¢, of
generalized coordinates.

(1)

The rotation matrix of the body frame with respect to
the fixed frame can be computed from the roll-pitch-yaw
angles above, as

CyCy CypSeSy — SyCy CypSeCy — SySy
SypCo SySeSy — CyCy Sy SeCyp — CySy
—Sp CoSy CoCy

Ry, = (2)

The linear velocities in body frame coordinates are de-
fined by the vector Pvp and the angular velocities, or
angular rates, are defined by

b Vz,B b Wy
VB = |Vy,B|, W= |Wy]|,
Uz,B Wy,

where w € R? is the vector or angular velocities with
respect to the body frame axes. The relation between the
angular velocities in the body frame and the roll-pitch-
yaw time derivatives in the fixed frame is given by

bw =W,n,

(3)

(4)
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where
1 0 =5y
W, = lo Cy S4Co | , (5)
0 =S¢ CyCy

with S, = sin(z), C, = cos(z) and T,, = tan(z).
2.2 Fuler-Lagrange formulation

There are different ways to obtain a dynamic model for
the quadcopter motion equations, such as the Newton-
Euler formulation. In this work, we employ the well known
Euler-Lagrange equations. The starting point for employ-
ing this method is to define the kinetic and potential
energies in terms of the generalized coordinates. We define
all the coordinates with respect to the fixed frame. First,
the kinetic energy is defined by

K= yd"Hla), (

where the matrix H(q) is the inertia matrix defined as
H(q) =mJJ, + J Ry I, Ry J. (7)

where m € R is the drone mass, I, € R®*3 is the drone
inertia tensor in the body frame, which here is considered
diagonal for simplicity, i.e. Iy = diag(l,Iy,I,), and
J, € R3*6 and J, € R3>*% are the linear and angular
velocities Jacobians, respectively, given by

J, =[I3 O3] (8)

J, =[03 RyW,], (9)
where I3 is the 3 x 3-identity matrix and O3 is a 3 x 3-
matrix filled with zeros.

Second, the potential energy is simply given by
P =mg'¢, (10)

where g = [0 0 go], with go the gravity acceleration

constant.
Then, the Lagrangian is defined as
L=K-P
and the Euler-Lagrange equations are given by

afocy _oc
dt \ dq o]
where 7 € RS is the vector of the generalized forces

according to the directions of the generalized coordinates,
and 77 € RS is the vector of damping forces. The

(11)

=7 -7, (12)

generalized forces vector is defined as 7 = [T’ u]T, where
T € R? is the linear motion thrust and pu € R? is the
vector of angular torques in fixed frame.

The damping forces term in generalized coordinates can
be written as
. D€ } .
T s = . = D 9 13
1(¢,9) {Dan(Q)n (9)d (13)

where D¢ € R**% and D,, € R3*? are diagonal matrices
of damping coefficients for linear and angular motions,
respectively, and D(q) = block diag(Dg, D, W, (q)).
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In turn, the gravity forces vector in fixed frame is simply
computed by
o

Gla)= 5. (14)

Finally, the Lagrangian model of the quadrotor is given
by

H(q)§+C(q,9)4+ D(q)g +G(q) = T, (15)

where C(q, q) € R5% is a matrix that can be computed
by using the Christoffel symbols of the first kind (Spong
et al., 2006).

3. OBSERVABILITY ANALYSIS

In this section, some sensor configurations of interest are
analyzed to investigate if it is possible to reconstruct
all the signals required for control, monitoring, fault
detection, and other applications. The signals of interest
are the states of the dynamic system, for which the
following state vector is defined

z=lgq" =[¢nén] . (16)

Thus, the state-space model can be put in the form
& =f(z) +g(z)u (17)
y =h(z), (18)

where
q

@ = ma)(cawi+ @i+ c) | 1
o) =H (@) | 50 4] (20)

u=["T bu]T is the vector of inputs, and y is the vector
of outputs (measured states).

There are several definitions of observability. Roughly
speaking, a nonlinear system (17)—(18) is observable if
the whole state « at time ¢ can be reconstructed from the
solely information of the inputs w and the outputs y of
the system up to time t. The observability question can be
also stated as: given the measured inputs w and outputs
y from time ¢y to time ¢, it is possible to reconstruct the
initial condition of the whole state x(¢p)? More formal
definitions of observability can be found in Besangon
(2007).

The following theorem, originally proposed in Hermann
and Krener (1977) will be the base point of the analysis.

Theorem 3.1. (Isidori, 1985) Let
& =f(z) +g(x)u
y =h(x),

where x is a manifold of dimension n. Let O be the
set of all finite linear combinations formed with the Lie
derivatives of hi, h2, h3, ...h, with respect to the f(x) and
g(x) vector fields. Let dO denote the set of the gradients
of the elements of O. The system is weakly (locally)
observable if the observability rank condition is satisfied

Copyright® AMCA, ISSN: 2594-2492

at xg, that is, dO contains n linearly independent vectors.
O

In this work, we present four cases of interest, which
are motivated from practical applications for quadrotor
control, namely

e Case 1: Linear positions and roll-pitch-yaw angles
. T T T
are measured, i.e. y = [5 n } .
e Case 2: Only roll-pitch-yaw angles are measured, i.e.
y=n.
e Case 3: Only Cartesian positions are measured, i.e.

y=E&.
e Case 4: All three Cartesian positions and the yaw ()
angle are measured, i.e. y=[r y 2 w]T.

Since the analysis based on Theorem 3.1 is local, we
consider that the operation condition of interest for all
four cases is around hoovering, i.e. when the UAV is in a
horizontal off-ground position given by & = [zo Yo ZO]T,
where (x0, Yo, 20) is an arbitrary Cartesian position with

20 #0,& =0,1m0=0,10=0.

For the following analysis, since we have four inputs, i.e.
u is of dimension 4, then we must separate the vector field
g(x)u into four vector fields as

g(x)u = gi(x)ur + ga()uz + gs(T)us + ga(x)us, (21)
where uy =T, us = g, us = pg, and ug = py. In fact, it
is easy to check that g;(x) = g:(m),i = 1,...,4, i.e. the
vector fields g; do not depend on the position &.

3.1 Case 1

In this case we are considering y = [£T nT}T. This is
a well known case in the control of UAVs, since it is
known that in this case it is possible to reconstruct both
linear and angular velocities. Nevertheless we carry out
the analysis to illustrate the method. To construct the
observability space O, let us start with the differential of
the output, namely
oh

=0~ |

I3 O5; O3 O3
Ox '

Os I; Oy Oy (22)

By computing the Lie derivative along f one obtains
oh £
Lih=—f=1%

™ ox M ’

Now, by computing the differential of this last vector field

03 03 I 03
O3 O3 O3 I3 |-

By stacking together the two differentials, it is not difficult
to see that the observability matrix
dh
0= [dL fh]
is always full-rank, and therefore the system is observable

when measured this output. Furthermore, the observabil-
ity does not depend on the inputs.

(23)

dLsh = [ (24)

(25)
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3.2 Case 2

In this case, we assume that only roll-pitch-yaw angles
are measured, for which y = 7. For this case, the first
differential is given by

dh =[03 I3 O3 Os] . (26)
Then, we compute the Lie derivative along f
Lih =7, (27)
whose differential is
dLsh =[03 O3 O3 I3] . (28)

The Lie derivatives along g; are all equal to zero, i.e.
Lyh = 0. If we continue to compute the Lie derivatives
and their differentials for upper order, we would find that
it is not possible to construct an observation-space matrix
O of rank greater than 6. That is a consequence of the
vector fields g; to be independent of the position &.

Since the method employed here gives only sufficient
conditions for observability, an alternative method such as
the analysis of the undistinguishable dynamics trajecto-
ries (De La Guerra et al., 2015) can be useful to show that
this case is not observable. Roughly speaking, the method
consists on comparing two identical systems with the
same inputs and outputs for all the time, while starting
from different initial conditions. One can easily show that
the undistinguishable trajectories are reduced to &, = &p.
Since starting from two different initial conditions &,9 and
&no satisfy the undistinguishable dynamics, it is concluded
that this case is in fact non observable.

Remark 1. The same method can be applied for the case
when only acceleration is measured, which leads to the
well-known drift problem in mobile robots. 0

3.3 Case 3

In this case, we only measure position i.e.y = £€. Let us
start again by taking the differential of this output

dh = [Is O3 O3 O3] . (29)
The Lie derivative along f is
Lih=E¢, (30)
whose differential is
dLsh = [0s O3 I3 O3] , (31)

and the Lie derivatives with respect to g;,i = 1,...,4 are
all zero, i.e. dLg,h = 0.

In this case, since the vector field g; does depend on
1 and both the differential dLyh and g; have similar
rows (7 to 9) with nonzero components, it is worth to
keep following with the observation matrix construction.
For this purpose, let us take the Lie derivative of the
mentioned fields

OLth |
Lglfh: aw gl:f{hf(”)a
which is a function of v (in fact is the third column of Ry,
divided by the mass m). Therefore, it is expected that its

(32)
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differential would have nonzero components in the 4th to
6th columns, i.e.
dLyh =[03 dLg th O3 O3] . (33)

Because from this point the computations become cum-
bersome, we resort on a symbolic computation software,
namely, Wolfram Mathematica to carry out our computa-
tion of the observability matrix. After some explorations,
the employed differentials, in addition to the above, to
compute the observability matrix are

dh

dL;
dLjg, th
dLg, rg, rh
dLg, rg, th
Ligotarrhs
where the remaining differentials, evaluated in the ope-
ration point of interest, i.e. around & = (zo, %o, 20),

& =n=n=0, are computed as

0= (34)

[ 0 1/m 0]
dL¢g, sh = |03 O3 O3 l—l/m 0 0 ‘|
L 0 0 0]
i 0 0 1/(I,m)] 1
dLg, g, fh = | O3 [ 0 0 0 O3 Os
C ymmyo o0 ]
i 0 0 0 7 ]
dLstglfh =103 |? 0 1/<Iym) O3 O3
0 —1/(I,m) 0 | ]
i 0 01/(I,m)]]
dLtg, 4. fh = | O3 O3 O3 l 0 0 0 ]
L _1/(Iwm) 0 0 i

As a result, this analysis demonstrates that it is possible,
at least theoretically, to reconstruct all the state vector @
by measuring only the Cartesian positions and the control
inputs.

3.4 Case J

The last case is a particular scenario motivated from Case

3, where it was shown that one can reconstruct the whole
state with ony relying on linear position measurements.
However, the method do not tell us how to construct
a suitable state-observer, which can be a very difficult
task. Some observer constructive methods are based on
the observability mapping (Besancon and Ticlea, 2007).
Nevertheless, the observer design becomes more compli-
cated as higher order Lie derivatives are included. For
such reason, it would be convenient to reduce the order
of the Lie derivatives employed to compute (34). This
can be done if one notice that in such mapping, the most
difficult columns to obtain with nonzero components are
those related with the yaw angle.

Thus, if we consider the case in which this angle v is mea-
sured along with the linear position, i.e. y = [z y 2 1/1]T,
then one can obtain a full column-rank observability ma-
trix by computing
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Fig. 2. Real (—) and estimated (- - -) positions and angles
for Case 4.

dh

dLy
dLg, sh
Ligth
which has the additional advantage of depending only on
the vector field g; associated with the input u; = T, i.e.
the thrust of the quadrotor in body coordinates.

0= (35)

4. SIMULATION

A simulation study in Matlab/Simulink was carried out
to validate the observability analysis above. The parame-
ters of the quadrotor for the dynamics simulation were
taken from Pham et al. (2019). An extended Kalman
filter (EKF) was implemented for the Case 4 analyzed in
Section 3.4. Since for this case, the system is not uniformly
observable, the following inputs were considered:

u; =m(mgo + 0.05 — 0.1sin(4nt/T))

Uy = — 0.1(¢ — 0.1sin(0.17¢/T)) — 0.01¢

ug = — 0.1(0 — 0.02 + 0.1sin(27t/T)) — 0.016
uy = —0.1() — 0.05) — 0.014) .

A zero-mean Gaussian noise with covariance cov = 0.01
was added to all measured outputs. The observer states
were initialized with different values for the non-measured
states, whereas the real values were employed to initialize
the measured ones. For the EKF implementation, there
were considered P(ty) = 0.1I;2, @ = 0.01I,2, R =
0.011,.

The time evolution of the measured and estimated pose
variables are shown in Figure 2, whereas their time-
derivatives are shown in Figure 3. In these figures, there
can be seen that the estimated stated converge to the real
ones, despite the noise.
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Fig. 3. Real (—) and estimated (- - -) time-derivatives for
Case 4.
5. DISCUSSION

The results of the cases analyzed in this paper are
summarized in Table 1.

Table 1. Comparison of sensor configurations
and observability.

Outputs  Observable Input dependent Inputs used
&n Yes No No
n No — -
13 Yes Yes U1, U, u3
T,Y, 2, Yes Yes ul

Although Case 1 is a trivial one, is the most employed
in the control of quadcopters, since positions and roll-
pitch-yaw angles are measured and velocities are com-
monly estimated by different techniques, ranging from
numerical differentiation to nonlinear observers. This case
is uniformly observable, therefore, it is not necessary to
have active inputs for state estimation, which is a great
advantage in the observer design.

In turn, Case 2, in which only the orientation variables
are measured, i.e. the roll-pitch-yaw angles, resulted to
be non-observable. This case is of importance in drone
control since most UAVs have an inertial measurement
unit (IMU), an accelerometer, and a magnetometer. This
case would be equivalent to having just these sensors and
no external ones such as global position system (GPS),
motion tracking systems, or a camera. Although cameras
have become less and less expensive and some algorithms
such a SLAM have been evolving during the last years,
the low latency of the signals acquired from these sen-
sors is still a big drawback for implementing advanced
controllers.

A remarkable result of this study is the one presented in
Case 3, where only the Cartesian position of the drone
center of mass is measured. Although the observability
resulted to be non-uniform, i.e. it depends on the input, it
is possible to construct a full-rank observability mapping,
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which guarantees local observability around the point of
interest (hoovering). This result is not intuitive and has
some potential applications, e.g. for space robots, where
a magnetometer might not work but a reliable on-ground
station could estimate the UAV position.

Finally, we present Case 4, which is very similar to Case 3,
but adding the measurement of the yaw angle. By adding
this output, the dimension of the observability mapping
is reduced and, although the observability still depends
of the input, only the first input-related vector field is
employed to construct it. These two advantages could be
of paramount importance for designing a state observer
and a control strategy. For this case, a simulation study of
an Extended Kalman Filter was presented, which showed
the feasibility of implementing an observer. It is worth to
point out that the design of a good input is not a trivial
task, since it must be persistently exciting Besangon
(2007) for the observer to converge.

6. CONCLUSIONS

In this paper, we have presented a dynamic model,
based on the Euler—Lagrange formulation, for quadrotor
unmanned aerial vehicles. This model is employed as a
starting point for analyzing the state observability of
four possible configurations of measured variables. The
results show that the system is uniformly observable when
both linear and angular positions are measured, non-
observable when only angular positions are measured,
and non-uniformly observable when only linear positions
are measured. In addition, we analyze the case in which
the positions and the yaw rotation angle are measured,
resulting again in a non-uniformly observable system, but
more suitable for observer and controller designs.

As future work, it remains to design a methodology to
find the conditions on the input to have observability and
to design a close-loop controller based on the observer
estimations. In particular, the last analyzed case is of
interest since it presents the required conditions to apply a
constructive methodology with less terms. Nevertheless,
the observer design for the case of only linear position
measurements will still be pursued.
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