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Abstract: We consider the problem of optimally tracking a given growth rate for investor’s
wealth over a finite-horizon in a market with distributed and discrete delays. This represents an
example of a stochastic linear quadratic control problem with state-delay, and with additive-
multiplicative noise. We derive an explicit closed-form solution to this problem as a state-

feedback control law.
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1. INTRODUCTION AND PROBLEM
FORMULATION

In classical portfolio optimization models, the problem is
typically framed as an optimal stochastic control problem,
where the investor selects an optimal strategy to maximize
the expected utility of wealth. To establish the founda-
tional framework for this class of models, we introduce the
most basic optimal investment problem with expected util-
ity from terminal wealth in continuous-time is as follows.
Consider a market of a bond with price Sy and of a stock
with price S that are solutions to following equations:

dSy(t) = So(t)7(t)dt, t€ 0,7
d5 (1) = 5(t) p(t)dt + &' (1AW (1)),
So(0) >0, S(0)>0, are given.

Here 7 is the interest rate, p is the appreciation rate
of the stock, ¢ is the volatility vector of the stock, and
W is an n-dimensional standard Brownian motion. The
market coefficients 7, pu, and &, are random processes and
unbounded in general and must be such that equations (1)
have unique strong solutions. Further, consider an investor
with initial wealth Zo > 0 that holds wvg, (#) number of
shares in the bond and vg(¢) number of shares in the stock
at time ¢t. The value of the investor’s portfolio, i. e. the
investor’s wealth, at time ¢ is thus:

telo,T] (1)

Z(t) == vg, (t)So(t) + v5(t)S(t), te[0,T]. (2)
This portfolio is called self-financing if it has the following
dynamics (see, for example, Korn (1997)):
dz(t) = vg, (t)dSo(t) + vg(t)dS(t), te€[0,T]). (3

If we substitute the differentials of S(¢) and Sy(t) from (1)
into (3), and further knowing that vg, (¢)So(t) = Z(t) —

dz(t) =[r(t)2()+Hp(t)—r(t))u(t))dttu(t)s’ () dW (),  (4)
where u(t) = vg(t)S(t), t € [0,7]. The self-financing
portfolio (4) is thus an example of a linear stochastic
control system with multiplicative noise with the investor’s
wealth T being the state of the system and the amount of
wealth invested in the stock u being the control variable.
The optimal investment problem with the expected utility
from terminal wealth as the criterion, is the following
optimal stochastic control problem:

{ Joox E [U(z(T))],
s.t. (4),

for some suitable admissible set of controls D and utility
function U. Problem (5) represents a typical example in
which past information is irrelevant and decisions are
based only on current information. Extensive research
has been conducted on models with such settings (see,
e.g., Korn (1997), Karatzas and Shreve (1998), for text-
book accounts).

In real-world financial markets the stock price process
is affected by past information. Consequently, investors
frequently rely on past stock performance when making
decisions, leading to memory effects that Markov models
cannot capture. To formulate such a framework, we be-
gin by introducing the following: let (€2, F,P) be a com-
plete probability space. We further consider the filtration
(F(t), t € [0,T]), where F(t) is the augmentation of
o{B(s): 0 < s < t} by all the P-null sets of F, where
(B(t), t > 0) is defined as an m;-dimensional standard
Brownian motion. Moreover, we assume that r, py, us,
and ps are positive constants, and that o is a vector with
strictly positive constant components such that ¢’c > 0.
Further, let I(t) be defined as the investment rate on
the stock at time ¢. More precisely, let L%(0,T;E) be
the set of E valued square-integrable adapted processes

(5)

vg(t)S(t), which follows from (2), we obtain (for ¢ € [0,7T7)): 3é_)ivith E being an Euclidean space). Now, consider a fi-
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nancial market consisting of a bond with amount Sy and
a stock with amount S, which are modeled as solutions
to following stochastic differential system with delay (for
t € s, T], s €0,T], see Chang et al. (2011) and Pang and
Hussain (2017)):

dSo(t) = [rSo(t) — I(t)dt,
dS(t) = {S(t)[m + p2Y (t) + p3Z(t)] (6)
+I(t)}dt + oS(t)dB(t).

Further, we assume that the differential stochastic equa-
tion of S depends on two delay variables Y and Z which
are defined as follows (for Vt € [s, T, s € [0,T]):

0
Y(t):= / eMa(t + 6)de,
—h
where A > 0 is a constant and h > 0 is the delay coefficient.
Further, the total wealth x(t) is defined as the sum of
the bond and stock amounts, i.e., z(t) = So(t) + S(¢).
Consequently, the corresponding wealth equation is as

follows:

Z(t) == xz(t — h),

da(t) = {[pm + p2 (t) + ps Z(£)]S(t) + rSo(t)} dt
a'S(t)dB(t) ,te€0,T), (7)
x(t) = ¢(t = h),

where ¢ : [—=h,0] — R is a given continuous function.

The optimal investment problem with an expected util-
ity from terminal wealth as a criterion, is the following
stochastic control problem:

tels—h,s], sel0,T].

), )

for some suitable admissible set of controls C. This problem
has been previously studied in the context of a finite-
horizon and constant market coefficients, as in Chang
et al. (2011) and for the infinite-horizon case (see Pang
and Hussain (2016)). In addition, several researchers have
studied similar stochastic models that incorporate de-
layed information structures: examples of such models in-
clude stochastic portfolio optimization Pang and Hussain
(2017), stochastic investment and consumption optimiza-
tion Chang et al. (2011), and infinite-horizon optimiza-
tion Pang and Hussain (2015). Note that in equation (7)
the control process I(t) does not appear. As z(t) = Sy(t)+
S(t), by defining the control process u(t) := S(t), we have
that So(t) = x(t) — u(t), and the wealth equation (7)
becomes (for ¢t € [s,T], s € [0,T)):

{ max E[U (z(T)],

0
eMa(t + 0)do

9)

dz(t) = [m‘(t) + psx(t —h) + Mz/

—h
+ (1 — r)u|dt + o'udB,

x(t)=C¢({t—h), te[s—h,s].

In this paper, we take a different approach to the problem
of optimal investment as compared to the above cited
literature. Instead of maximising the expected utility from
terminal wealth as in (8), we consider the problem of
tracking a given growth rate for the wealth, i.e. the in-
vestor chooses a desired growth rate for his wealth, and
then selects a trading strategy that minimises the trac-
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ing error. This approach to optimal investment is well-
known in the markets without delay (see, for example, Yao
et al. (2006), Gashi and Date (2012), Algoulity and Gashi
(2023)), however, it has not been applied previously to the
markets with delay as here. More precisely, consider the
following financial benchmark equation that the investor
aims to reach (track):

dF(t) = bF(t)dt, t>0,

F(0) = ¢(0) >0, 0 € [=h,0],
where b > 0 and b > r. As F(t) = F(0)e® for t > 0, this
benchmark specifies the desired growth rate for the wealth
through the specification of F'(0) and b. We define the
tracking error at time ¢, denoted by y(t), as the difference
between the wealth x(t) and the value of the benchmark:

y(t) = alt) - F(#), te[-h,T)

The differential of the tracking error is dy(t) = dxz(t) —

dF(t). Thus by taking the difference between equations
(9) and (10) we obtain:

(10)

dy(t) = dx(t) — dF(t)
' eMa(t +0)do

— |ra (=) e [
—h

+ (u1 —r)u|dt + uo'dB — bF(t)dt

= {T(m—F+F)+M3[$(t—h)—F(t—h)+F(t—h)]
+pto /_Ohe’\e[x(t—l-ﬁ) —F(t+0)+F(t+0)d0+ (u1 —1)

XU — bF}dt +uo'dB

0
= {Ty + psy(t — h) + po / Myt +0)do + (i — r)u
—h
0
+(r —b)F + pusF(t — h) + po / MNPt + 9)d9}dt
—h

+uo'dB. (11)
Let y denote the first state variable, i.e. z1(¢) := y(t). The
term

0
M2/ eMy(t + 0)do
—h

can be rewritten in the following more convenient form:

] t
iz / ANy(t + 0)d0 = s /

—h t—h

t
Y
= H2e /
t—h

The second state variable x4 is defined as:

The differential of x5 is:

e)‘(T_t)y(T)dT

Ay(T)dr.

Ay(T)dr, Yt > 0.
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dao (1) = [ Xty (4 At=h)y (4 — R } dt a state-feedback form by directly .ap.plying such results.
z2(t) = [7y(t) +e u ) Instead, we have extended the existing approaches that
R eY’ A(t—h) rely on the completion of squares method to obtain the
= ! t—n)| . : . th
[e i(t) +e i ) solution to problem (13) in an explicit closed-form as
The equation of y in (11) in terms of z; and z is: a state-feedback control law. The coefficients of such a
control law are determined by a system of coupled linear
_ _ —Xt ordinary and partial differential equations. Note that in
da (¢) [mjl(t) sz (b= h) + pae” s (t) what follows we have omitted the argument ¢ whenever
+( —r)u+ F(t)} dt + uc'dB, convenient for notational simplicity.
where F(t) for ¢ € [0,T] is defined as: 2. SOLUTION TO THE OPTIMAL GROWTH RATE

. 0 TRACKING PROBLEM
F@):=(r —-bF({t)+usF(t— h)+u2/ M E(t 4 6)db.

—h In order to state the solution to optimal growth rate

N'OWQWQ deﬁr.le the.state vector X (t) := [z1(t) z2(t)] tracking problem (13), we introduce two set of linear
with its equation being: ordinary differential equations that are coupled with a

21 (t) roppe™™ system of partial differential equations for ¢ € [0,7 —
d {962(75)] = L,\t 0 ] [ } + e’\(t h) O] h], 6 € [t,t+ h], and & € [t,t + h:

o g R e B

m>—ﬁmcwzxw;w> (14)

This can also be written as: » (T —h)
dX(t)=[A®)X(t) + B(t)X (t — h) + C(t)u(t)
N 9o (t) + A’ (£)pa(t) + po(t)A(t) + 2pa(t,0) — 2R 1po(t
+ X £ OB, oy [P0 AOR0 DA + 24(10) ~ 28 ()

where xC(t)C'(t)p2(t) + N =0, R(t) >0, (15)

—\t _

| opee o us 0 po(T — h) = po(T — h),
=] 5 o= |l o).
— n ~ / 0H — — _
Ct) = {“10 7"] D)= {F(()t)] . G = {”ét)] (OO h =Y (B — b — 1)
-1,/ / 0 —

As we aim to minimise the tracking error zi, the opti- _2i\h P HCHC (It)p4(t,9 :h -1)=0, (16)
mality criterion is the following finite-horizon quadratic _eT p Z(t’ _hh) TP 1_t),B (? o 2’ A
functional: p3(T —h,z—h—t)=p3(T —h,z2 —h—1t),

- ze [T —hT,

J(u('))=E{ / X' () N1 X (t)dt+ X'(T)Q1X(T)},

0 20p4(t,0 — h : A

where %4’214/(25)]?4(15, 0—h— t) +ps(tv 0—h— t? O)
N [Nl 0] Q= l:Ql ] +p5(t,0,0 — h — t) — 2R ' py(£) C (1) C' (1)
0 0 00 <pa(t,0 - lolo (17)
with Ny and @; being non-negative scalars. The optimal —e Mpy(t,—h) + p2(t) B(t) = 0,
growth rate tracking problem to be solved is: pa(T —h,z—h—1t)=p4(T —h,z—h—1),
ze [T —hT,
{gﬁaJWO% -
u(-)e _ —
s.t.(12), apg,(t,ﬂfhft E—h—1t) R (G —h—1)

where the admissible set of controls is defined as A := < C(H)C (D)p ( tE—h—1)=0

L%_—(O, T;R), and this in particular ensures the existence of
a unique strong solution to (12) (see for example, Mao
(2007)). Note that (13) is an optimal stochastic con-
trol problem, or more precisely a linear-quadratic (LQ) . B
stochastic control problem with both discrete and dis- = p5£T —hz—h—t,z2—h—t), z€[T—h,T]
tributed delays. Although there is a large recent literature and z € [T = h,T]

on stochastic LQ control problem with delay under dif- For¢ e [T —h,T], 6 €[t,T), and € € [t,T:
ferent settings (see, Chen and Zhang (2023), Pang and

faM%uﬁfhfaJn—amm@fwﬁ—h—wu&
+2B(t)ps(t,0 —h —t) =0,
ps(T —h,z—h—t,z—h—1t)

Hussain (2015), P d H in (2017), Zh t al. - _ _ ~
(201 Hunb et ol (2013), Chen wnd W (2010), Liang | PHE)+ 040 + 2D (Opa(t) = 2R H0CWC ()
et al. (2018)), Alasmi and Gashi (2024b), Alasmi and 51227%)7700’ (19)
Gashi (2024a)), the problem (13) cannot be solved in Pty ==5
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Pa(t) + A'(t)pa(t) + p2(t) A(t) — 2R™ ' pa (1) C(£)C'(t)
xpa(t) + N =0, ) (20)
R(t) == tr(C"(t)p2(t)C(1)),
pz(T) =Q,
+ 2D ()pa(t,0 — h — t) — 2R™1p) ()
o (21)

O (Pt h - 1)
e Mps(t,—h) + pL(t)B(t) = 0,

20p,(t,0 — h —

2 +2A(t)pa(t,0 — h —t) — 2R 1P () C(2)

Xcl(t)ﬁ?(ta é —h— t) = 07
_e_)\hﬁll(ta

Opy(t,0 —h —t)
.

—h) +p2(t)B(t) =0,

Ops(t,0 —h —t,£ —h—1t) 2R (4,0 — h—t)C(t)

_ (23)
hﬁf)(ta _h7 0—h-— t)

ot

< C'(Ops(tE— h— 1) =0,

—e MpL(t,0 —h—t,—h) —e

+2B'(t)p)(t,0 — h —t) =0,
Assumption 1. The system of coupled equations (14)-
(23) has a unique solution.
Theorem 1. There exist a unique solution u* to the
optimal growth rate tracking problem (13). If T — h < 0,
then the solution is given by:

u*:=—2R"! [0.50’(t)p1(t) +C' (X () +C'(t)  (24)
T A — — —
X / A=V p, (6,60 — h— ) X(0 — h)dA|, te][0,T],
t
If T — h > 0, then the solution is given by:

u* = —2R'M
= —2R™! [O.5C'(t)p1(t) +C'()pa() X () + C' (1)

t+h _ _ _ _
“ / MOt (t.0— h—t)X (0 — h)df|, t € [0,T — h],
t

where M = 0.5C" (t)p1(t) + C'(t)p2(t) X (t) + C'(t)

t+h
o / AO=h=Dp (.0 — h— )X (0 — h)dO, t € [0,T).
t

= —2R'M
= —2R™! [O.5C’(t)ﬁ1 (t) + C'()pa (1) X () + C'(t)

T ~ B _ _
« / eA(efh—t)m(t’ 0—h—-t)X(0—-h)do|, te|[l—hT], —
t

where M := 0.5C" (t)p1(t) + C' (t)pa(t) X

T B B _ _
% / eA(efh—t)Z—M(t’ 0—h—t)X(0—h)d, te|T—hT.
t

(t) +C'(t)

Proof. We only consider the case of T—h > 0, as the case
of T —h < 0 is very similar and simpler. For ¢ € [0,T — h],
we define the process vy as:

t+h
v = ROXO + X OrOX (O + [ 0

t+h
xpy(t,0 —h —t)X (0 — h)dd + 2X(t) / AO—h—t)
t

_ _ -~ t+h t+h _
><p4(t,9—h—t)X(0—h)d9+/ X'(6 - h)
t t

xeA(é—h—t)ek(é—h—t)ps(757 O—h—t,&—h—t)X (€~ h)dOdE.

(22)By applying Ito’s formula, the differential of v; is:

dvy = py (1) X (t)dt + p (8)[A(t) X (¢) + B(t)

XX (t — h) 4+ C(t)u(t) + D()]dt + pl, (t)u(t)

+HA@GX(t) + B)X(t — h) + C(t)u(t) +

x X (t)dt + [u(t)C(t)dB(t))'p2(t) X () + X' (t

+X'()p2(O[AM)X (1) + B() X (t — h) + C(t)u(t)
+D(b)]dt + X' (t)p2(t)u(t)C(£)dB(t) + 0.5u()

Xtr(é/(t)P2(t)C~’(t))dt+/tHh A(B—h—t) W

—h)X(t— h)dt

(t)dB(t)

N'p2(t)
2 (1) X (t)dt

C(t
D(t

~—

)p
Ju
(t

x X (0 — h)df + ply(t,0) X (t)dt — e ph(t,

t+h -
2X(1) / AMO—h—t) W X
t

h) + C(t)u(t) + D(t))

t+h
y / OO0 (t,6 — h — £) X (6 — h)dOdt + 2[u(t)
t

@ —h)do

+2[A(t) X (t) + B(t) X (t —

_ t+h _ B B B
xC(t)dB(t)y/ MO, (4,0 — h — )X (0 — h)df
t
+2X"(t)pa(t,0)X (t)dt — 2e~ X" (t)py (t,
t+h pt+h B B
Jr/ X'(f — h)eMI-h-DAEh-1)
t t

Ops(t,0 —h —t,€ —h—1t)
X
ot

t+h ~
+X'(t) / MO e (40,0 — h —t)
t

—h) X (t — h)dt

X (€ — h)dOdé

t+h B
X (0 — h)dodt — X' (t — h)@—kh/ MNO—h—t)
t

t+h
wps(ts—h, G — h — )X (6 — h)dddt + / X'(@-h)
t

xeMO=h=0p (¢t § — h —t,0)X (t)dOdt
t+h _ B
e M X'(0 — n) MOV p (£, 0 — h —t, —h)
t
x X (t — h)dOdt (25)

Now, we define G(u) as the collection of all terms in (25)
that depend explicitly on the control u. In other words,
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Glu) = u2(t) [0.5tr(é’(t)p2(t)é(t))} +2u(t) | 0.5C" (H)py (t) +0.5R [u+ 2R~ M]' [u+ 2R M] }dt}

T—h

+C' ()po () X (t) + C'(t) /:HL MO0, (4,0 — h—1) =Ji(u* (") + ]E/O 0.5R [u+2R*1M]’ [u+2R™"M] dt, (27)

where

X(Q—h)d@]
h
— 0562 () R(E) + 2u(t)M (26) Ji(u*(+)) ::pll(O)X(O)+X/(0)p2(O)X(O)+/0 eMOh)

By the completion of square, we rewrite G(u) in (26) as _ _ _ h
Y P e, W (w) in (26) x (0,8 — W)X (0 — h)dd + 2X/(0)/ A1 (0,8 — h)
0

G(u) = 0.5R(t) [u*(t) + du(t)R™'M + 2R ")’ M'M

h o h
n_ ) 1a_ A(0—2h+8)
B (2R_1)2M’M} X6 h)d0+/0 /0 X'(6—h)e

/ T—h
=0.5R(t) [u+2R'M] [u+2R'M]| —2R""M'M xp5(0,0 — h, & — h) X (€ — h)dOdEé + [P} (t)D(t)
_ / _ _ 0
=05R(t) [u+2R'M] [u+2R'M] —2R™" 05RO (D (D),
% l0.5cl(t)p1 (t) + C'()p2 () X (t) + C'(t) For t € [T — h,T], we define the process vy as:
’ T 5
<[ T A (1,5 — )X (0 h)de] = BOX(0) + X Op(OX (0 + [ X0
t T
o T = = / J—h—
<Josciom +Omoxw + e [ o0 LI =R=OX @I X 0 f e
¢ T [T
By integrating both sides of the equation (25) from 0 to x0T hmDA R ps(t,0 —h—t 5 h—1)
T — h, then taking the expectation, we obtain: x X (€ — h)dOdE.
B oceeding in a similar way with ve as we did for the
E[J1(u()) +v1(T — h)] = v1(0) ca};ep(r)f V1, 11.2. bl; appllrillilnng“;Vé’Bs/ g;mullj; to E;, C(;mpltreting
T—h the square for the terms that depend explicitly on wu,
‘HE{/ {pll(t)D(t) — 0.5R'pi (1)C(£)C" (t)p1(t) integrating both sides, and then taking the conditional
B expectation, we obtain:
+X'(t)[p2(t) + A'(t)p2(t) + p2(t) A(t) + 2pa(t,0) — 2R~ .
xp2(t)C(6)C" ()p2(t) + N] ( )+ [p1(t) + Pi(H) A(t) Jo(u(-)) := va(T — h) + ]E{ / { —0.5R7p,()C(t)
#2000t £ 0 2RO OAROCOC OO e e
t4h 5 xC'(H)py(t) + P (t)D(t) + [Py (¢ t +2D'(t
_)\(9 h—t) p3(t9 h— t) / -
* / t {875 +2D(t) xPa(t) — 2R71p, (1)C(£)C" ()P (D)X (1) + 74 (1) B(1)
—Ah =/
e ] B N
I S AU U < ) <t> pa(t) + V| X (1)
X(0— h)dd + X' (1) / A0 { T FX'() [252() B(t) — 2e~ M py(t, —h)] X(t — h) + X' (t)

—2R ' pa(t)C(4)C" (t)pa(t, 0 — h — t) + 24" (t)pa(t,0 — h — t) /T ANO—h—1) {_4}?_1152(75)0( ) ()palt, 6 — h — 1)

+p(t,0 —h —t,0) +ps5(t,0,0 — h — t)}X(a— h)df 29pa(t,0 — h — 1)

+2A"(t)pa(t,0 — h —t) +

}X(é— h)dd

t+h t+h _ _ ot
+/ X'(6 — h)er O AMEh—) T ]
t B + / eMO=h=t) [fQRflpg(t)C( YO ()pa(t, 0 — h —t)
Ops(t,0 —h—t,E—h—t ~ . t
| Ot A telty o0 h 1)
+2D' (t)pa(t,0 —h —t) + m}

<C'(Opalt,€ - b~ 1) X(€ - n)addg S .
X (0 — h)dd + X'(t — h) / eM0=h=1) [e”l
t
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xPs(t,—h,0 —h —t) + 2B (t)ps(t,0 — h —t) — e

Xﬁ%(tve_ht,h)} (6 — hd0+// ANO—h—1)

[ap5(t7e—h—t,5—h—t)

—9Rp-!
ot R

xerME=h=t) 3/ (G — p)

xpy(t,0 —h —t)O@)C' ()pa(t, & — h — t)]X(E h)dOdé

+0.5R {u + 2}?—1M}/ {u + 2R—1M} }dt‘]—"(T - h)}

— 0y(T —h) + E{ / ) { — 05RO () (1)

T—

- - _1/
4+, (E)D(t) + 0.5R [u + 2R*1M}

X {u + 2R*1M} }dt’]—"(T - h)}

T—h

T ~
— 0o(T — h) + Jo(u” () + ]E{ / 0.5R

X [u+21~%_1]\_4/ [u—&—QR_lM} }dt‘]’(T—h)} (28)

T—

T
where Jo(u*(+)) := E{/ . { —0.5R™IP, () (1)’ (t)

xpu(t) + p'l(t)D(t)}dt‘}'(T - h)}.

Note that v1(T'— h) = v2(T — h). Now, from (27) and (28)
it follows that for any u(-) € A we have:

T—h
J(u(-)) = Jy(u*(+)) +E{/0 0.5R [u+2R""M]’

x [u+2R"'M] dt} +J2(u*(~))+]E{E{ /T 0.5R

T—h
X [u v 21%‘:*11\’4]/ [u + 21%*11\’4] dt‘]—"(T - h)}}

= Ji(u (1) + J2(u™ (")),
This lower bound is achieved if and only if u(t) = u*(t)
for a.e. t € [0,T] a.s.. |

3. CONCLUSIONS

We have considered the problem of optimal growth rate
tracking problem in an incomplete market with delays. By
deriving a certain completion of squares method, along
with a system of coupled ordinary and partial differential
equations, we successfully obtained a unique and explicit
closed-form solution to such an optimal stochastic control
problem. A set of challenging extensions that may be ex-
plored in future studies is the optimal benchmark tracking
problem in more general market models and benchmarks,
such as those that include random and unbounded coef-
ficients with delays, the inclusion of consumption, or the
incorporation of borrowing constraints with delays.
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