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Abstract

Robust control design aims to alleviate uncertainties and disturbances, generally based on
observers design. In this case, often it is required to know the robot dynamical model,
which makes their application more complex for experimental implementations. A particular
interest of this paper is to study the boundedness of the Coriolis matrix with the objective
of setting conditions under which it can be neglected for the design of the controller or in
the implementation of observers for robot manipulators. Theoretical conditions are proposed
to bound the product C(q,¢)¢ based on motion planning for a determined smooth Cartesian
trajectory. Numerical simulations using a three degrees of freedom robot manipulator validate

our findings.

Keywords: Robotics, Non-Linear Control Systems, Robot-Dynamics, Coriolis matrix,

Boundedness analysis.

1. INTRODUCTION

The dynamic behavior of robotic manipulators is signif-
icantly affected by nonlinear effects such as friction and
Coriolis forces, which can degrade the accuracy, stabil-
ity, and responsiveness of control systems, particularly
in contact-rich or high-speed manipulation tasks. Ignor-
ing these effects may result in performance loss, instabil-
ity, or inability to guarantee force tracking in precision
operations Saab and Ghanem (2018); Jin et al. (2005);
Eftekharian and Sayyaadi (2006). Coriolis and centrifugal
forces, which are inherently velocity-dependent, introduce
additional nonlinear dynamics that affect the stability and
smoothness of manipulator trajectories. Although often
neglected under low-velocity assumptions, it is not clear
under which conditions this can be ensured. On the one
hand, some research works have studied the boundedness
property of the Coriolis matrix for special cases in joint
space, Mulero-Martinez (2007); From et al. (2010). On the
other hand, studies have shown that partial or adaptive
compensation of Coriolis terms can significantly improve
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control performance and robustness Nagata and Watan-
abe (2011); Krishnamurthy et al. (2017). For instance,
multivariable discrete-time controllers with partial Coriolis
compensation have been shown to enhance torque regu-
lation and trajectory tracking Saab and Ghanem (2018),
while robust adaptive dynamic controllers have achieved
global stabilization in manipulators under uncertain dy-
namics Krishnamurthy et al. (2017). The present study
investigates the impact of the Coriolis term on the per-
formance of a robot manipulator, whose dynamic model
includes nonlinear effects, by analyzing the implications
of conventional assumptions under which it is possible to
disregard Coriolis velocity-dependent effects for a robot
manipulator. Moreover, a theoretical bound that explicitly
account for them is derived. The objective is to set a
theoretical bound on the Coriolis term of a dynamic model
of a robot manipulator with the objective to set conditions
under which it can be neglected for the design of the
controller or in the implementation of observers for robot
manipulators, given a smooth Cartesian trajectory.
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The paper is organized as follows: Section 2 describes the
robot’s dynamic model. Section 3 presents the analysis of
a theoretical bound of the Coriolis term in the dynamical
model of a robot manipulator. Section 5 shows simulation
results and performance evaluation. Conclusions and fu-
ture directions are provided in Section 6.

2. MATHEMATICAL ROBOT MODELS

The robot direct kinematic model describes the cartesian
robot positions given the robot joint positions, as in (1).

X = f(q) (1)
where X = [z,y,2,a,3,7] € R™*! represents the robot
posture coordinates, including the Cartesian coordinates
z,y and z and the orientation angles o, and v; ¢ =
[q1,G2,---,qs] € R™1 stands for the joint variables of
the robot. Moreover, the robot inverse kinematic model
represents the opposite relation as given in (2); n is the
dimension of the joint configuration space and m is the
dimension of the cartesian space.

q=f1(X) (2)
Similarly, define a mapping for Cartesian velocities = €
R™*! and joint velocities ¢ € R"*! as presented in (3).

X =J()d (3)
where J(q) = %ﬁf) € R™™™ represents the robot Jaco-
bian. The dynamics of the system is affected by inertial,
Coriolis, and gravitational forces; in this case we neglect

frictional forces. Therefore, its motion is described by the
Euler—Lagrange formulation given in (4) based on Craig

(2005).

M(q)i+C(q,q)q + Gla) =, (4)
where M(q) € R™ ™ represents the inertia matrix, § €
R™*! joint acceleration, C(g,¢) € R™*" is the Coriolis
matrix, G(q) € R"*! is the gravity vector, 7, € R"*! is
the vector which contains the generalized torques at each
actuator. All these mathematical models and parameters
are known.

3. PROBLEM FORMULATION & MAIN
CONTRIBUTION

To solve the problem of trajectory tracking, consider using
a traditional model-based controller (Spong et al. (2006))
given in (5) for the robot dynamic model (4), where ¢y =
(@1, G2y - - - > Giin] € R™ ! represents the joint acceleration
of the desired articular trajectory to perform, K, € R**"
and Ky € R™*"™ are diagonal matrices of proportional and
derivative control gains respectively; e = gg — ¢ € R™*™
and é = ¢g — ¢ € R™ "™ are the joint tracking error and its
time derivative.

e = M(q)(fa + Kpe + Kaé) + a C(q, )¢+ G(q)  (5)
where « is a binary constant to study the effect of the
the Coriolis term in the dynamic control of the robot
manipulator. For this, this work establishes a bound on
[|C(q,d)q|| given the Cartesian robot trajectories X, so
that the Coriolis term in (5) can be neglected. This is
stated in the Lemma 3.1 under the following assumptions:

e The robot manipulator has only revolute joints.

e The robot Jacobian is full rank (n > m). This also
implies the robot is performing the task free of robot
singularities.

Lemma 3.1. Given a Cartesian trajectory X(t) to be
followed by a manipulator robot at the end-effector (EF),
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the bound ||C(q,q)d|| < k% is fulfilled along

the Cartesian trajectory, where Amin(-) stands for the
minimum nonzero eigenvalue of (+)).

Proof. First, consider that the Coriolis Matrix is bounded
by |1C(q,¢)dl| < ke||d||?, Kelly et al. (2005). Considering
(3), it can be set that ||gl| = [|.7(q)"XI| < ||.7(q)"|][|X]],
where J(q)' represents the Jacobian Pseudoinverse. Con-
sidering the induced norm [|J(q)"|| = ;—(75; where

min(J(@)) = V/Amin(J ()T J(g)) stands for the minimum
singular value of the Jacobian and A, (-) represents the
minimum nonzero eigenvalue of (-); then it follovvs that

expression we obtain ||q||

m“Xll we can

conclude that ||C(q, )q|| < kcm |

Some relevant remarks are:

(1) Note that Apmin(J(¢)TJ(q)) > 0 provided that
J(g)TJ(q) > 0 outside robot singularities.

(2) In the Case n = m, the term J(q)TJ(q) is positive
definite; therefore its eigenvalues are always positive.
In the case of redundant robots, n > m; the term
J(q)T J(q) is only positive semi-definite. Then, a zero
eigenvalue can be found; thus the minimum nonzero
eigenvalue must be chosen for Ay (+).

3.1 k. computation

According to Kelly et al. (2005), it is possible to find
a positive constant k. such that [|C(q,q)d|| < ke||g||*.
Having:

C@l? < [ma (o, @] - ©

where Cy,;(q) stands for the ijth element of the matrix
C%(q)- Then,

U ﬂ <3 [ (1, i
<o [ s (1Cu,@)]

k,t,5,q

IN

s {1C, )}r )

k,i,J

Since n > 1, is justified to maintain integer exponents.
Then,

ICtaalyl < v (o Cu, @) el (8)
After that, it is possible to compute k. constant as:
ke = n® max (|, ()])- (9)
kyi.3,q

4. SIMULATION TESTBED

We consider a planar robotic manipulator with three
revolute joints operating in the {x—y} plane. The system is
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shown in the Fig. 1 and its physical parameters are defined C11 = —malealiS2gs — l1gomsle3823 — l1gamslass
in Table 1. —m3ale3qalass — malesgslisiz,
Ci2 = —malealisaqr — limslezsazqr — limalasaq

— malealis2ga — limslessasge — l1mslasage
— malc3laszqs — maleslisesgs,
Ci3 = —mg3le3laszqr — limslezsazqr — maleslassgo
— lym3le3823G2 — m3leslasggs — malesli 52343,
Co1 = malealysaqy + limslezsaszqr + limalasag

— male3lasags,
Cao = —ma3lc3lasags,
Caz = —masleslassqr — maleslasaga — maleslasags,

Cs1 = msleglassgr + limalessasgr + maleslassga,
Czz = m3lcslaszgqr + maleslassgo,
0.

&
w
I

Therefore, the k. constant for this work is obtained as:

k. = 9max (1112m3 +l1leoms + 2(l1l03m3), leams (lg + 2[1))
(12)

Gravity vector:

G
Ga
G3

G(q) = (13)

) G1=magcialea +magerly +migerla
Figure 1. Scheme of 3-DOF planar robot. +msg ciasles + msgcizlo +mager

Go = magcialeo + magcislez +magciala,

4.1 Dynamic model components G = magcias les.
To simplify the notation, we define:
51 = sin(q1), s12 = sin(q1 + g2), 5123 = sin(q1 + g2 + ¢3),

c1 = cos(q1), c12 = cos(q1 + g2), 123 = cos(q1 + g2 + ¢3).
Inertia matrix:

Table 1. Physical and dynamical parameters of
the 3R planar robot

Symbol Description Value
L Tz s M f link 1 0.70k
M e 1 my ass of lin .70kg
(q) m21 m22 m23 ’ ( O) mo Mass of link 2 0.60kg
31 7132 11633 ms Mass of link 3 0.12kg
l1 Length of link 1 0.175m
9 9 l2 Length of link 2 0.130m
mi1 = I3 + 2mgaleslocs + 2msleslicos + maliy + moly I3 Length of link 3 0.145m
12 4 2malsl 12 12 I, + I le1 Center of mass of link 1 0.144m
+maly + 2mglalica +maly +maly + 4y + Iz :
9 leo Center of mass of link 2 0.108 m
+ 2molealicy + mQZcza les Center of mass of link 3 0.060 m
: : 2
Mia :I3—|—2mglc31263+m3163l1623+mgl§3+m3l2l162 I InertTa oflTnkl 0.01684kgm2
9 9 I Inertia of link 2 0.008 40 kg m
+mgls + Iz + malealica + malg,, I3 Inertia of link 3 0.000 25 kg m?2
2 i i -2
mys = Is + m?,lcg + malealacs + ,,ﬂ,ﬁbglcgllcz))7 g Gravity acceleration 9.81ms
Moy = M2, T : ,
5 9 9 Torques T = [11, T2, 73]* are considered using the parame-
mag = Iy + mol’y + Is + msliy + 2mgleslacs + msl :
22 2 2%c2 T 43 3%3 3c3v2C3 302> ters of Model 2444-024B DC-Brushless Motors, which have
Moz = M3 (lg?) + chl263) + I3, limit: 7,0, = 4.5 Nm.
m31 = mas, 9 Ki " del
Ma3s = Mag, 4. tmematic mode

_ 2
Msy = Maley + Is. The forward kinematics map the joint configuration ¢ =

Coriolis and centrifugal matrix: [q1, g2, q3]T to the (EF) position X = [x,y,]T in the plane:
Cy1 Cia Chs z=1c1 +1lac12 + 13103, (14)

C(gq,q) = |Ca1 Ca Cas|, (11) y =11 81+ 12812 + [35123. (15)

Cs1 Uz Css The geometric Jacobian matrix J(q) € R?*3, which relates

joint velocities to EF velocities X = J(q)q, is given by:
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Jin Ji2 Ji3
/= [J21 Ja2 J23} (16)
where:
Ji1 = —lis1 — las12 — I35123
Jig = —las12 — [35123
J13 = —l35123
Jo1 = licy + lac1a + 13c103
Jag = lac12 + [3¢123
J23 = l3¢123
4.8 Motion Planning
Consider a motion planning scheme for Xy = [24, yq]” and

X, = (Vg5 Vy,) T . For all cases of study, a smooth parabola-
like desired trajectory with continuous derivatives is pro-
posed using a fifth-order polynomial function, such that,
both X and X are equal to 0 for initial time ¢; and final-
time ty. Then for all cases, the y position for any instant
of t is related to:

ya = ast® + ast* + ast® + ast® + ait + ag (17)
and y velocity for:
Vyy = Sastt + dast® + 3ast? + 2ast + aq (18)

tr —t;
Wheret:{tk:ti—&—k’-h‘kez, 0<k< {ch}

Consider a planar trajectory (parabola x(y)) with meters
as unit that: starts at (zo,y0) = (0.3,0.15), ends at
(zf,yf) = (0.3,0.3), passes through an intermediate point
(e, ye) = (0.34,0.225), and has smooth timing in y(¢)
using the motion planning described, it can be set:
z(y) =ay* +by+c

To find the coefficients a,b and ¢ we substitute the three
given points into the parabola equation in the {z — y}

plane. Solving this system of equations it is obtained:
a=-7.111, b=3.200 , ¢ = —0.020.

Then, the inverse kinematics problem consists in determin-
ing the joint angles ¢ required to reach a desired position
X, in the Cartesian plane. In this work, it was solved by
using Kinematic Control (KC) according to Siciliano et al.
(2009). Thus the joint motion is computed by:

q= /th = /JT[Xd ~K(X —Xg)dt  (19)
where K = 1 € R™*™ and represents a diagonal matrix
of positive Cartesian gains, KC terms were defined in
Sections 2 , 3.

5. RESULTS

In this section a numerical validation of Lemma 3.1 is
shown. Therefore, an EF trajectory is tested in the First
Cartesian Quadrant (z+,y+), bounded by the robot’s
work-space considering simulations with an integration
time-step h = 0.001s. First and third simulations depicts
the performance of a dynamic controller without Coriolis
terms compensation (o = 0) performing the trajectory
tracking task in 0.5s and 2 s respectively; while in second
and fourth simulations the dynamic controller (5) consid-
ers Coriolis compensation (o« = 1) performing the trajec-
tory tracking task in 0.5s and 2 s again. For all simulations
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Lemma 3.1 is evaluated and also robot EF cartesian error
is depicted. Taking into account the parameters ¢ = 1
and w, = 10, the gains of the controller are defined by
Kp = diag{w?} € R*3*3 and K; = diag{2(w,} € R3*3.

5.1 Simulation 1: Coriolis uncompensated (o = 0, t; =

0.5s)

First, the results of a simulation performing dynamic
control without Coriolis effects compensation are shown.
Fig. 2 presents the numerical evaluation of Lemma 3.1
along simulation. For this, a graphic comparison is de-
picted, showing that maxz(||C(q,¢)q||) = 1.1006 Nm (in-
dicated by an arrow) which represents the 24.5% of max-
imum torque that the actuators provides. Also note that
max(kc#q‘)‘;](q))) — 15.9069 N m; showing that, as
a maximum value, the boundary is 12 times bigger than
Coriolis.

Case1 -
16 T T

of Coriolis
=T

Magnitude [Nm]
o
T
I

21 1.1006 [Nm]
»A s e

0 |
0 0.05 0.1 0.15 02 0.25 03 035 0.4 045 05
Time [s]

Figure 2. Case 1: Boundedness of Coriolis.

In addition, Fig. 3 depicts the cartesian errors defined as
er = £q — x (above), and e, = yq — y (below). From this,
the max values are 0.0072m for e, and 0.0046 m for e,. It
physically means the robot is significantly deviating from
its planned path. The performance of the robot in this
simulation could be seen at Simulation 1 - Video.

x10° Tracking error in x
T T T

A & N =
T
I

e [m]
—
\

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 045 0.5
Time [s]

x10° Tracking error in y

T T T

. . . . .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Time [s]

Figure 3. Case 1: Cartesian errors.

5.2 Simulation 2: Coriolis compensation (o =

0.5s)

1, t; =

The results of dynamic controller performance considering
all robot dynamics are presented here. The boundary
and Coriolis values in this simulation are shown in Fig.

(12
4, then mam(k‘c%) = 1364321\11117 13 times

higher than the maximum Coriolis value. It is also shown

https://doi.org/10.58571/CNCA.AMCA.2025.036
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maz(||C(g,¢)d||) = 1.0351 Nm (indicated by an arrow),
which represents 23% of actuators’ 7,4z

14 Case 2 - Boundedness of Coriolis
T T T -

.
12
10~ 1
]
< st .
P
=
2
2.l ]
B
s , \
ar ne N 7
2r . 1.0351 [Nm] b
0 i A | e
0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4 0.45 0.5

Time [s]

Figure 4. Case 2: Boundedness of Coriolis.

Moreover, Cartesian errors in this simulation were 9 times
smaller than presented in Simulation 1, in this case,
maz(ez) = 0.0010m and maz(ey) = 5.8557 x 10~*m,
as depicted in Fig. 5. Due to the error values, it is
assumed that the robot’s EF is almost equal to the desired
path to be executed. Results of robot performance of this
simulation could be seen at Simulation 2 - Video.

x10 Tracking error in x
F T

10

e [m]

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 045 0.5
Time [s]
o210 Tracking error in y
T T
4k 4
E.l ]
o
0 4
2 I I I I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Time [s]

Figure 5. Case 2: Cartesian errors.

5.8 Simulation 3: Coriolis uncompensated (o = 0, ty =
2s)

o112
The results for this case shows that max (k: LX)

0.9020 Nm, 54 times higher than the maximum Coriolis
value. It is also shown maz(||C(q,¢)¢||) = 0.0167 Nm (in-
dicated by an arrow), which represents 0.37% of actuators’
Tmaz, as shown in Fig. 6.

Case 3 - of Coriolis
1 T T T T
09
08 :
0.7 E
£
Z.0.6 E
P
Tos .
g
2oa E
=
03 E
02 S E
0.1 /I.l)167 [Nm] |
0 peee”T . . . N
0 02 0.4 0.6 0.8 1 12 14 16 18 2

Time [s]

Figure 6. Case 3: Boundedness of Coriolis.
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cxmmuw)w(q))) =

Also, the Cartesian errors are shown in Fig. 7, where
ma:c(ex) = 7.2234 x 10~*m and mam(ey) = 4.1447 x
10~*m. Simulation 3 - Video allows to see the results
of robot performance of this simulation.

x10* Tracking error in x
2F T T T |
0 4
E 2 4
-
@ 4r 4
-6 4
I I I h
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Time [s]
x10* Tracking error in y
F T T T T T =
- 2F 4
E
P 4
2k . . . . . . h ]
0 0.2 0.4 0.6 0.8 1 12 14 1.6 1.8 2

Time [s]

Figure 7. Case 3: Cartesian errors.

5.4 Stmulation 4: Coriolis compensation (o =1, ty =2s)
Finally, in Fig. 8 is depicted that max (k S|P o — ) =
i ’ EXmin(J(@)TI(q))
0.8735 Nm, 54 times higher than the maximum Coriolis
value. It is also shown maz(||C(q, ¢)¢||) = 0.0166 Nm (in-
dicated by an arrow), which represents 0.37% of actuators’

Tma;ﬂ M

Cased -
T

of Coriolis
T T

Magnitude [Nm]
S S e
g &5 =
——
L

=
Py

T
I

01l /0.0166 [Nm] ,
o | e

0 N
0 02 0.4 0.6 0.8 1 12 14 16 18 2
Time [s]

Figure 8. Case 4: Boundedness of Coriolis.

Respect to Cartesian errors, Fig. 9 indicates that maz (e,) =

1.1912 x 107*m and maa:(ey) = 6.6409 x 10~°m. In
Simulation 4 - Video results and robot performing are
demonstrated.

x10™* Tracking error in x
WL T T T T
E
=0
o
1 | | | | | | N | |
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Time [s]
x10% Tracking error in y
T T T T
5 4
B
e o |
| | | | | | | | |

Time [s]

Figure 9. Case 4: Cartesian errors.
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5.5 Discussion

The effectiveness of a dynamic controller is directly pro-
portional to the fidelity of the robot’s dynamic model.
Based on the simulations, Coriolis term compensation
significantly improves trajectory tracking. Including this
term reduces the magnitude of the Coriolis effect, which
is reflected in a reduction of the Cartesian errors. Ne-
glecting terms like the Coriolis effect, even when their
magnitude is small in specific configurations, introduces a
systematic disturbance that degrades trajectory tracking
performance. This generates significant errors in the Carte-
sian tracking of EF, escalating the error from negligible
or millimeter-level values to magnitudes that compromise
system functionality. For instance, in the 0.5 s simulations,
tracking errors were reduced by = 10 times when consid-
ering the robot’s full dynamics. Fig. 10a clearly illustrates
this improvement, showing how the compensated trajec-
tory (Xcase2) aligns much better with the desired path
X, than the uncompensated one (Xcgse1). In critical ap-
plications this deviation is not trivial, the comprehensive
inclusion of all dynamic terms is fundamental for achieving
optimal tracking accuracy and ensuring the robustness and
reliability of the robotic system. Nonetheless, for some low-
velocity robotic tasks, such as robot force control, it would
be beneficial to know when is it possible to avoid Coriolis
term compensation for a dynamic controller/observer. As
observed, Fig. 10b depicts the same effect for the 2s
simulations, where the compensated trajectory (Xcasea)
follows the desired path more closely than the uncompen-
sated one (X¢gse3). The Coriolis magnitudes are small in
these cases (e.g., with a variation of just ~ 9 x 107° Nm
between Cases 3 and 4), including the robot’s full dy-
namics is not essential for achieving acceptable tracking
accuracy for the robot system. This shows that, in some
circumstances, it is possible to neglect the Coriolis term in
a dynamic controller of a robot, given a bound as the one
derived in this work. Moreover, it is important to notice
that the derived bound in this work is very conservative:
in the simulations shown in this work it is more than 50
times the maximum Coriolis term.

a) Cartesian Tracking - Cases 1 & 2 b) Cartesian Tracking - Cases 3 & 4

0.14 0.14
029 03 031 032 033 034 035 029 03 031 032 033 034 035
x[m] x [m]

Figure 10. Cartesian trajectory tracking in simulations: (a)
Cases 1&2, and Cases 3&4 in (b).

6. CONCLUSION

In this work, a bound of the Coriolis term of the dynamical
model of a robot manipulator, based on the cartesian
robot end effector velocity and robot Jacobian, is set.
The theoretical bound has been numerically validated

using standard Cartesian trajectories for a three degrees
of freedom planar robot manipulator, using a model-based
controller to identify the impact of the Coriolis term on
its tracking performance. This result might be helpful to
justify why we avoid the use of the Coriolis term in the
design of robust controllers and observers. As future work
we will study less conservative bounds by exploring other
Matrix norms of the robot Jacobian. Also it is relevant
to test our findings in an experimental testbed. Finally,
the derived bound herein can be used for multiobjective
trajectory planning for robot manipulators.
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