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Abstract: A global continuous control scheme for the finite-time or (local) exponential
stabilization of robot manipulators with bounded inputs is developed involving desired gravity
compensation. With respect to the on-line compensation case, the proposed controller entails a
more complex closed-loop analysis, whence more involved requirements arise. Other important
analytical limitations are further overcome through the developed algorithm. Computer
simulations considering a robotic arm model corroborate the efficiency of the proposed

controller.
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1. INTRODUCTION

A global continuous state-feedback scheme for the finite-
time and exponential stabilization of mechanical /robotic
systems with bounded inputs was developed and thor-
oughly motivated in (Zavala-Rio and Zamora-Gdémez,
2017). The explicit consideration of input constraints
and the explicit choice on the system trajectory con-
vergence are among the main characteristics that dis-
tinguish such an approach from continuous finite-time
controllers developed for mechanical /robotic systems be-
fore its appearance: (Hong et al., 2002; Zhao et al.,
2010; Sanyal and Bohn, 2015) (see for instance (Zavala-
Rio and Zamora-Goémez, 2017, §1) for a brief descrip-
tion of such works). Moreover, while the cited previous
approaches mainly rely on the dynamic inversion tech-
nique (except for one of the two controllers presented
in (Hong et al., 2002)), the scheme in (Zavala-Rio and
Zamora-Goémez, 2017) benefits from the inherent passive
nature of mechanical systems. This is so in view of its
(saturating) Proportional-Derivative type structure with
exclusive compensation of the conservative-force (vector)
term, which permits to reshape the closed-loop potential
energy so as to set the desired posture as the only equi-
librium position on the whole configuration space. The
exclusive compensation of the conservative-force term
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allows to reduce the system model dependence of the
designed scheme, consequently simplifying the control
structure and decreasing the implied computation bur-
den. However, such advantages could still be improved if
the on-line compensation term could be replaced by the
conservative-force/gravity term evaluated at the desired
position. This idea was first introduced in (Takegaki and
Arimoto, 1981) in an unconstrained-input conventional
(infinite-time) stabilization framework and, since then, it
has been well appreciated due to its simplicity and sim-
plification improvements. This is the main motivation of
this work, where a desired-gravity-compensation extension
of the finite-time/exponential stabilization scheme from
(Zavala-Rio and Zamora-Gdémez, 2017) is developed. Such
a design task is not as simple or direct as a simple replace-
ment of the on-line compensation term by the desired
one, since the required (desired) closed-loop equilibrium
position is kept, but not its uniqueness. Consequently,
further design requirements prove to be needed to en-
sure that the control-induced potential energy component
dominates the open-loop one (in order to solve the unique-
ness issue). This was already pointed out in (Takegaki
and Arimoto, 1981), where such a domination goal was
shown to be achieved through a P control (vector) term
with a stronger growing rate than that of the open-
loop conservative force term in any direction (at every
point) on the configuration space; in particular, under the
simple consideration of uncoupled linear P and D control
actions, this was shown to be achieved by simply fixing
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P gains higher than the highest (induced) norm value
of the Jacobian matrix of the conservative force term
(assuming that such a Jacobian matrix is bounded). But
the solution of the referred uniqueness issue cannot be
that simple in the analytical context considered here in
view of the special functions involved to guarantee the
achievement of the formulated stabilization goal. This
represents an important analytical challenge to which
this work succeeds to give a suitable solution for robot
manipulators with bounded inputs. The desired-gravity-
compensation developed approach implies an important
simplification on the control implementation with respect
to the on-line compensation version. Its efficiency is fur-
ther corroborated through simulation results.

2. PRELIMINARIES

Let X € R™*™ and y € R". X;; stands for the element
of X at its i'" row and j* column, X; for the i*" row
of X and y; for the i*" element of y. With m n,
X > 0 denotes that X is positive definite; for a symmetric
matrix X, A, (X) and Ay (X) respectively stand for its
minimum and maximum eigenvalues. As conventionally,
for sets A and B, A\ B represents the subset of elements
that are in A and are not in B. 0,, represents the origin
of R” and I,, the n X n identity matrix. RY, and RY,
denote the set of n-tuples with positive and non-negative
entries, respectively. ||-|| stands for the standard Euclidean
norm for vectors and induced norm for matrices. Let
Sn—l = {z € R": ||z| = ¢}: an (n—1)-dimensional sphere
of radius ¢ > 0 on R". We denote D, f the directional
derivative of f : R®* — R along g : R* — R", i.e.,
D,f(x) = %g(x). We consider the sign function sign(-)
to be zero at zero, and sat(s) = sign(¢)min{|s|,1}.

2.1 Robot manipulators

Consider the n-degree-of-freedom (DOF) fully-actuated
robot manipulator dynamics

H(q)i+Cla,9)q+gla) =7 (1)
where ¢, ¢, § € R™ are the position (generalized coor-
dinates), velocity, and acceleration vectors; the inertial
matrix H(q) € R™" is a continuously differentiable
positive definite symmetric matrix function, such that
H(q) > pmI,, Vg € R", for some p,, > 0; the Coriolis
and centrifugal effect matrix C(q,¢) € R™™", defined
through the Christoffel symbols of the first kind, satisfies
H(q,4) = C(q,d)+C"(9,4), Vg, € R", and consequently

L y) - Clay) | 2 =0 (20)

2

Va,y,z € R", where H : R® x R® — R™", with
1C(z, )l < ¥yl (2b)
for some ¥ : R" — Rsg, and C(z,y)z = C(z,2)y,

Va,y,z € R", whence we have that

C(q;aq)bg = C(q,bg)aq = C(q,abg)q = C(q,¢)abg (3)
Vgq,q € R", Va,b € R; g(q) = VU,(q), with Uy : R" — R
being the potential energy due to gravity, or equivalently
Uoi(q) = Uai(q0) + fq(f) g7 (2)dz, for any ¢,q0 € R"™; and

7 € R" is the external input (generalized) force vector.
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We consider the (realistic) bounded input case, where
each input 7; is constrained by a saturation bound T; > 0.
More precisely, letting u; represent the control variable
(controller output) relative to the it" degree of freedom,

we have that

Assumption 2.1. H(q) is bounded, i.e. ||H(q)| < pum,
Vq € R"™, for some pp; > pin > 0.

Assumption 2.2. ¢(-) in (2b) is bounded and conse-
quently ||C(z,y)|| < kcllyll, Yz, y € R, for some ke > 0.
Assumption 2.8. The gravity force vector is a con-
tinuously differentiable bounded vector function with
bounded Jacobian matrix g—g, or equivalently: |g;(q)] <

Bgi, Vg € R", for some non-negative constant Bg;;

stant kg, and consequently ||g(z) — g(y)|| < kgllz — vyl
Va,y € R™.
Assumption 2.4. T; > nBy;, i =1,...,n, with n > 1.

g—g(q)H < kg, Vg € R", for some non-negative con-

Assumptions 2.1-2.3 apply e.g. for robots having only
revolute joints (Kelly et al., 2005, §4.3).

2.2 Local homogeneity, finite-time/5-exponential stability

This work is developed within the analytical framework
of local homogeneity (Zavala-Rio and Fantoni, 2014),
which states a formal analytical platform permitting
to handle vector fields with bounded components. Def-
initions and results in such an analytical context are
strongly related to family of dilations 67, defined as
i (x) = (5’“1331, ... ,57'"a:n)T, Vr € R", Ve > 0, with r =
(r1,...,7n)T, where the dilation coefficients rq,...,r, are
positive scalars. Other fundamental concepts involved in
the analytical context underlying this work are those
of homogeneous norm —with respect to the family of
dilations §7, or simply r-homogeneous norm: a positive
definite continuous function being r-homogeneous of de-
gree 1— (Zavala-Rio and Zamora-Gdmez, 2017), denoted
Il - |, and r-homogeneous (n — 1)-sphere of radius ¢ > 0:
Spot={xeR": |z|, =c}.

Consider an n-th order autonomous system

i = f(z) ()
where f is a vector field being continuous on an open
neighborhood of the origin D C R™ and such that f(0,) =
0n, and let x(t; o) represent the system solution with
initial condition z(0;z) = x¢. An important definition
for this work is that of a finite-time stable equilibrium as
stated in (Bhat and Bernstein, 2005).

Remark 2.1. The origin is a globally finite-time stable
equilibrium of system (5) if and only if it is globally
asymptotically stable and finite-time stable. A
Theorem 2.1. (Zavala-Rio and Fantoni, 2014) Consider
system (5) with D = R". Suppose that f is a locally
r-homogeneous vector field of degree o with domain of
homogeneity D C R™. Then, the origin is a globally finite-
time stable equilibrium of system (5) if and only if it is
globally asymptotically stable and « < 0.

An alternative stability concept proving to be compatible
to the framework of (local) homogeneity is that of ¢-
exponential stability, whose definition is found for instance

in (Zavala-Rio and Zamora-Gémez, 2017).
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Remark 2.2. If f in (5) is locally r-homogeneous of degree
a = 0 with dilation coefficients r; = o, Vi € {1,...,n},
for some rg > 0, then the origin turns out to be ex-
ponentially stable (in the standard sense (Khalil, 2002,
Definition 4.5)) if and only if it is §-exponentially stable
(Zavala-Rio and Zamora-Gémez, 2017, Remark 2.5). A

Consider an n-th order autonomous system of the form

= f(x) + f(z) (6)
where f and f are continuous vector fields on R" such
that f(0,) = f(0,) = 0,.

Lemma 2.1. (Zavala-Rio and Zamora-Gdémez, 2017, Lemma

2.2) Suppose that, for some r € RY,, f in (6) is a
locally r-homogeneous vector field of degree av < 0, resp.
a = 0, with domain of homogeneity D C R", and that 0,
is a globally asymptotically, resp. J-exponentially, stable
equilibrium of & = f(z). Then, the origin is a finite-time,
resp. d-exponentially, stable equilibrium of system (6) if

R AGAE)!

€a+’l"1 O

e—0t
i=1,...,n, Vo € S" ! resp. Va €
such that S?~' C D, resp. S}';' C D.
Remark 2.3. The condition required by Lemma 2.1 may
be equivalently verified through the satisfaction of

"1 @) =0

S7=1 for some ¢ > 0

r,c

lim+ Hsf’ldiag [5*’“1, e

e—0

Vo e 5P (resp. Spct).

-
, €

2.8 Scalar functions with particular properties

Definition 2.1. A continuous scalar function ¢ : R — R
will be said to be:

(1) bounded —by M— if |o(s)] < M, Vs € R, for some
positive constant M,

(2) strictly passive if ¢o(s) > 0, Vs # 0;

(3) strongly passive if it is a strictly passive function
satisfying |o(s)| > /@’asat(g/a)‘b = n(min{k\,a})b,
V¢ € R, for some positive constants , a and b

Remark 2.4. Equivalent characterizations of strictly pas-

sive functions are: ¢o(s) > 0 <= sign(s)o(s) > 0 <—

sign(o(s)) = sign(s), Vs. A

Lemma 2.2. (Zavala-Rio and Zamora-Goémez, 2017, Lemma

23) Let 0 : R > R, 00: R —- Rand 07 : R — R be
strongly passive functions and k be a positive constant.
Then:

1) [y o(kv)dv > 0, Vs # 0;
2) [jo k:udu—>ooas|§|—>oo
(3) 0g o 07 is strongly passive.

3. THE PROPOSED CONTROL SCHEME

Consider the Saturating-Proportional Saturating-Deriva-
tive type controller with desired gravity compensation
given as

u(q,q) = —s1(K1q) — s2(K2q) + g(qa) (7)
where q q — qq, for any constant (desired equi-
librium position) ¢4 € R"; K; diag[ki1, . .., kin),
i = 1,2, are positive definite diagonal matrices —
re. K; = diag[kﬂ,...,km], k’ij > 0,1 = 1,2, j =
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1,...,n— with K; involved in an additional require-
ment stated below (through (9)); for any =z € R7,
sz(:lj) = (a“(xl),...,crm(xn))T, 1 = 1,2, with, for each
j = 1,...,n, o4 being non-decreasing strictly passive
functlons such that

B; & max{ lim o¢;(s),

Jim } <Tj=By; (8)
with 00;(s) = 01;(s)+02;(s), both being locally Lipschitz-
continuous on R\ {0}; and with, for each j = 1,...,n,

k1; and o1; additionally required to be such that, for all

s €R,

|o15(k1j6)| > min {ky|s|, 2By; } 9)
Remark 3.1. From the above formulation, we have that

2Bg; < low(k1;6)| < Bj <T; — By,

V|s| > 2Bg;/kg, whence one sees that Assumption 2.4
with 7 = 3 is a necessary condition for the feasibility of
the simultaneous fulfilment of (8) and (9). A
Remark 3.2. Inequality (9) implies the existence of con-
stants ki; > k, and b; > 2B,; such that |1 (k1j<)| >
mm{kl]\g\,bj} > min {kyc|, 2By, }, Vs # 0. A
Proposition 3.1. Consider system (1),(4) in closed loop
with the proposed control law (7), under Assumptions
2.1-2.3 and 2.4 with n = 3, and the above stated design
specifications. Thus, global asymptotic stability of the

closed-loop trivial solution ¢(t) = 0, is guaranteed with
\Tj(t)| = |uj(t)| <Tj,j=1,...,n,Vt > 0.

im —oo;(<)

Proof. Observe that —for every j = 1,...,n— by (8),
we have that, for any (g,¢) € R" x R" and any ¢4 € R™:
uj(q,4)] < |o1j(k1jd;) + 025(k24d5)| + |95(aa)| < Bj +

i < Tj. From this and (4), one sees that T; >
lui(g, §)| = |uj| = |7, ¥(¢g,¢) € R™ x R™, which shows
that, along the system trajectories, |7;(t)| = |u;(t)| < T},
7 =1,...,n, Vt > 0. Hence, the closed-loop dynamics
takes the form

H(q)j+ C(g,4)q + g(q) = —s1(K1q) — s2(K24) + g(qa)

By defining 71 = ¢, z2 = ¢, and = = (27, 21)7 the closed-

loop dynamics adopts the form of (6) with
_ f(l)(f)) TR (Jf(l)(ff))
s = (o) = (1o
where f(1)(z) = @2, fio)(2) = —H*(qa) [s1(F1a1) +
so(Kowa)], f1y(z) = 0,, and

(10)

fo)(@) = —H(z1 + q2)[C (21 + qa, 72)T2 + (21 + qa) — 9(qa)]
— H(z1)[s1(K1z1) + s2(Kaz2)]  (11)
with
H(x1) = H (214 qa) — H ' (qa) (12)

Thus, the closed-loop stability property stated through
Proposition 3.1 is corroborated by showing that z = 0q,
is a globally asymptotically stable equilibrium of the state
equation @ = f(z) 4+ f(z), which is proven through the
following theorem. o

Theorem 3.1. Under the stated specifications, the origin
is a globally asymptotically stable equilibrium of &
f(x) + £f(x), V¢ € {0,1}, with f(z) and f(x) defined
through Egs. (10).

Proof. For every £ € {0,1}, let us define the continuously

differentiable scalar function
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1
Vi(z1,x2) = 5:52TH(€:C1 + qa)xo + Up(x1) (13)
where o
Up(xy) & / sT(K12)dz 4+ 0U(x1) (14)
o, S1(Kaz)dz = 370 [ 01;(k;25)dz,
U(zy) 2 Ugi(z1 + qa) — Uoi(qa) — 97 (qa)71 (15a)
= / [9(2 + a2) — 9(qa)] " dz (15b)
0n
T z ag B _:|T
= —(z4+qq)dz| dz 15¢
A Uonaq( ) (150)

Observe from Egs. (15) and Assumption 2.3 that

s [

z1
< kngdz =
On

0
99 (5 + q9)

dq
Z/ ’ k‘ngde (16)
j=1"0

Vry € R" (from (15¢)), and simultaneously that

n @1,
U <Y / sign(z;)|; (2 + a0) — 9;(aa)|d;
j=1

n x1;
< Z/ sign(z;)2B,;dz;
j=1"0

Vx; € R"™ (from (15b)). From these inequalities, the
satisfaction of (9), and Remark 3.2, we have that

T
dz] dz

n xlj R
Up(z1) > Z/ sign(z;) min { (k1 — tky)|z;] ,
i 0
= (bj — 2By;) }dz;

= wej(a1) £ Se(er) (17a)
j=1
with

Efj 2 . ) T
wej(215) = {29613- B B if o] < ljl]/{% (17b)
bgj |:|C£1j‘ — bgj/(Qk‘gj)] if |x1j| > b[j/k‘gj
for some ];'U > kg and b; > 2Bg;, and any positive
constants ];?gj < ky; — lky and ng < bj — 2By;.

Remark 3.3. Note from expressions (17) that Se(z1), £ =
0,1, are positive definite radially unbounded functions.
Observe further that (involving previous arguments and
Remark 2.4)

Diyths(ar) =T [s1(Kron) + £(g(e1 + a0) ~ o(a) |

> Z |214] {|Ulj(k1j$1j)| —Z‘Qj(fl +qa) — gj(‘]d)”

j=1
2Z|x1j‘min{z}e]“1‘1j|,i)gj} >0 (18)

j=1
Vx1 # 0,, whence one sees that, for every ¢ = 0,1,
Vo de(21) = 51(K121) + L]g(@1 + qa) — 9(qa)] = 0, =
T = On A

Thus, from Egs. (13) and (17) and the properties of H(q)
we get that
ILLTU

Vi(z1,22) > == 22]* + Se(z1)
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whence positive definiteness and radial unboundedness
of Vo, £ = 0,1, is concluded. Further, for every ¢
{0,1}, the derivative of V; along the trajectories of &

f(x) + £f(x), is obtained as Vy(zy,x2) = 2T H(lxy
qa)t2 + %ng($1 + qa,z2)x2 + [s1(K131) + Lg(21
a2) = 9(aa)]] &1 = af [ = UC(@1 + au,w2)72 + gl
aa) — 9(aa)] — s1(Kiz1) — so(Kawa)] + Sl H(x
G 22)Ts + [s1(K1m1) + Lg(zr + 1) — g(qa)]]”
— 2859 (Koxy) = —Z?Zl x9j09;(ko;x2;) where, in the
case of £ = 1, (2a) has been applied. Notice, from
the strictly passive character of og;, that Vg(xl,xg) <

++ ++ I

0, V(l‘l,.rg) E. R™ x R", with Z, = {(.2?1,1‘2) €
R" x R" Vg(l’l,xg) = O} = {(581,:62) e R"
x R™ : 9 = 0,}. Further, from the system dynamics

i = f(x) + £f(x) —due to the positive definiteness of H
and Remark 3.3— one sees that 22(t) =0, = d@2(t) =
0, = Sl(Kll‘l(If)) + f[g(l‘l(t) + qd) — g(qd)% = 0,
=  z(t) 0, (which shows that (z1,z2)(t) =
(0,,,0,,) is the only system solution completely remain-
ing in Zy), and corroborates that at any (z1,z2) €
{(3,9) € Z¢ : @ # 0,}, the resulting unbalanced force
terms act on the closed-loop dynamics [gc = f(z1,0,) +
Lf(x1,0,) with (z1,22) # (0n,0,)], forcing the system
trajectories to leave Z;, whence {(0,,0,)} is concluded
to be the only invariant set in Z,, £ = 0, 1. Therefore, by
the invariance theory (Michel et al., 2008, §7.2), z = 0q,, is
concluded to be a globally asymptotically stable equilib-
rium of both the state equation & = f(z) and the (closed-

loop) system & = f(x) + f(z). O

3.1 Finite-time/exponential stabilization

Proposition 3.2. Consider the proposed control scheme
under the additional consideration that, for every j

1,...,n,04,1 = 1,2, are locally r;-homogeneous of degree
o = 2rg — 711 —de Ty = T1, T2 = 12 and ay; =
ogj = a5 = 2rg — 7y for all j = 1,...,n— with domain

of homogeneity D;; = {¢ € R : [¢] < L;; € (0,00]},
for some dilation coefficients r; > 0, ¢ = 1,2, such that
oj = 2ro — 71 > 0 > ro — rq. Thus, global finite-time
stability of the closed-loop trivial solution ¢(t) = 0,, is
guaranteed with |7;(t)] = |u;(t)] < T, j = 1,...,n,
vt > 0.

Proof. Note that Proposition 3.1 holds and consequently
|7;()| = |u;j(t)] < T3, 5 = 1,...,n, ¥t > 0. Then, all
that remains to be proven is that the additional con-
siderations give rise to finite-time stabilization. In this

direction, let #; = (751,...,7m)7, i = 1,2, r = (*1,71)7,
D £ {(.’)31,,@2) e R*" x R"” Kix; € Djp x --- X

Dy, t = 1,2} = {(Z‘hxg) cR" xR": |$1j‘ < Llj/klj,
|za;| < Loj/kej ,j = 1,...,n}, and consider the previ-
ously defined state (vector) variables and the consequent
closed-loop state-space representation & = f(x) + f (z),
with f and f as defined through Egs. (10). Since D
defines an open neighborhood of the origin, there exists
p > 0 such that B, £ {z € R*™ : |z|| < p} C D.
Moreover, for every x € B, and all ¢ € (0,1], we have
that 0 (z) € B, (since |07 (x)|| < ||z|, Ve € (0,1)), and,
for every j € {1,...,n},
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Fi(0L(@)) = e wyy = 27 fi(a)

80(x)) = —H; '(qa) (s1(e™ Kya1) + s2(™ Kop))
= *€a1Hj_1(qd) (Sl(lel) + SQ(KQIQ))

8(7»2—7“1)-"-7”2]' fn+j ((E)

whence one sees that f is a locally r-homogeneous vector
field of degree a@ = ro — r1, with domain of homogeneity
B,. Hence, by Theorems 2.1 and 3.1, the origin of & =
f(x) is concluded to be a globally finite-time stable
equilibrium since 7o — r; < 0. Thus, by Theorem 3.1,
Lemma 2.1, and Remarks 2.1 and 2.3, we conclude that
the origin of the closed-loop system & f(z) + f(x)
is a global finite-time stable equilibrium, provided that
ro — 1y <0, if

fnJrj(

Lo lim |07 (fio (02(@)) |
= lip [ oot

T — 2T2
eli}I(I)lJr c f(2)

for all z € S2"~' = {z € R* : ||z|| = ¢}, for some ¢ > 0
such that S2"~! C D. Hence, under the consideration of
(11) and (3), we have for all such z € S2"~1:

[EBeae)

<

H -0 (20)

ez + qa)C(e™ 2 + qu, $2)€2T2$QH
- g(qd)H
H(ew1) [ s1(Kran) + %252 (Koa2)] H

H ' (eMay + Qd)H Hg(ehml + qa)

< e HH*I(E”M +4a)C(e" 1 + qa, £E2)5U2H

E Y + g Hk & |

+ 527’2 —7T1

H 6 txy H HSl K1$1) +82(K2I2)H
and consequently, from (20) (recall that 7 > ro > 0),
lim ™
e—0Tt

+kq||:t1H lim e2(m=7r2) | g~
—0+

Lo <

MM a1 4 qa)C (e w1 + qa, w2)T2

(e a1 + qa)

+ hm H’H e"lzy)

s1(Kiz1) + s2(Kaza)

< HH (¢4)C(qa, x2) 1‘2“ hm e” @1
+ kg llz1]] HH lId)H 51_l>%l+ 52(” r2)
+ ||81(K1x1)+32(K2$2)H lim ||’H(€T1{L‘1)||
e—0t
< ||S1(K1w1) + 82(K2902)H . ||7-l(0n)H =0
(note, from (12), that |H(0,)|| = ||H *(qa) —H ' (qa)|| =
0), which completes the proof. m]

Corollary 3.1. Consider the proposed control scheme tak-

ing 05, 1=1,2, j =1,...,n, such that
aij(s) = sign(<)|s|? V<] < Li; € (0,00) (22)
with constants §;; such that
26 ;
0< 617 <1 ) ﬁ27 - L (23)
Blj
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Thus, |7;(t)] = |u;(t)| < Tj, 5 =1,...,n, Vt >0, and the
closed-loop trivial solutlon q( )= On is:

(1) globally finite-time stable if 0 < 81 < 1;
(2) globally asymptotically stable and (locally) exponen-
tially stable if §; = 1.

Item 1 of Corollary 3.1 is proven by corroborating that,
under the stated conditions, for every j = 1,...,n and
any r1 > 0, by taking r1; = r1 and o = 1o 1+
B1)r1/2, the requirements of Proposition 3.2 are satisfied
with 0 < 1 <1 = r9o—7r1 <0< 2r9 —77. On
the other hand, note that with ro = r; —or analogously
B1 = 1 in the context of Corollary 3.1— we have that
€™~ = 1, Ve > 0. Hence, in this case, developments
analog to those giving rise to inequalities (21) lead to
Lo < kyllz1]||H *(qa)||, and consequently, Lemma 2.1
(under the consideration of Remark 2.2) cannot be ap-
plied to conclude (local) exponential stability (contrarily
to the on-line conservative-force compensation case of
(Zavala-Rio and Zamora-Gémez, 2017)). However, while
the global asymptotic stability follows from Proposition
3.1, the (local) exponential stability stated through item
2 of Corollary 3.1 is proven by showing that, for a suffi-
ciently small value of €,

Vo(z1,22) = Vi1, 22) + ex] H(z1 + qa)22
—with V; as defined through Eq. (13)— is a suitable

strict Luapunov function of the closed-loop system, on
a neighborhood of the origin 0y,. In particular, with

e < min{ey, ea}

T 1/2 =

[klm,um] / klmem
G =, €2 = = 7 B}
B MM_ klkaQ + klm/JM + k2M/4
klm = minj{klj}, kgm = minj{kgj}, kQM = man{ij},
kive = max;{ky;}, 0 = maxg,eg, [lz1]l, Q1 = Qi1 N

Qi2, Q11 = {z1 € R
Qi = {1 € R"

n}7
-n},

|x1j| < blj/kljv.] - 1
“le| < Ll]/klja.j = 1,.

QQ:{xQER ‘x2j|<L2j/k2jﬂj_1 }7
kim —epns ki + kg €ppr
Ql = < ) ) Q? = ( 7 )
—€UM  Hm €N 12378
Gl_ﬁm —ekQM/Q
Q3 =
—ekan /2 kom — €kco — eun

we have, on Q1 X Q,, that
crllzl® < Va(z) < eol®
Vo(z) < —CsH%II2

with ¢ = )\m(Ql)/Q > 0, cog = )\]\/[(Qg)/Q > 0 and
c3 = A (Q3) > 0, whence we conclude —by (Khalil, 2002,
Theorem 4.10)— that the origin (x1,2z2) = (0,,0,) is a
(locally) exponentially stable equilibrium of the closed-
loop system. The details omitted in this sketch of the
proof of Corollary 3.1 will be thoroughly developed in fu-
ture communications with more relaxed space limitations.

4. SIMULATION RESULTS

We implemented the proposed control scheme through
numerical simulations considering the 2-DOF revolute-
joint robot manipulator model used in (Zavala-Rio and
Zamora-Goémez, 2017), characterized by

2.351 + 10.168 cos g2 0.102 + 0.084 cos ¢o
D=\ 0.102 + 0.084 cos g 0.102
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i—finite-time s 'exponentiall

[rad]

0

[N1n]

]

Fig. 1. Finite-time vs exponential stabilization

. —0084QQ sin q2 —0084(Q1 + QQ) sin q2
Clg:4) = .
0.084¢; sin g 0
@ 38.465sin g1 + 1.825sin(g1 + ¢2)
N = 1.825sin(q1 + g2)

Assumptions 2.1-2.3 are thus satisfied (this is a direct
consequence of the revolute nature of both joints of the
considered manipulator); in particular Assumption 2.3
is fulfilled with Bj; = 40.29 Nm, By = 1.825 Nm
and k, = 40.37 Nm/rad. Input saturation bounds are
T1 = 150 Nm and 75 = 15 Nm, whence Assumption 2.4

is corroborated to be fulfilled with n = 3. For the sake of
simplicity, units will be subsequently omitted.

The proposed design methodology was applied under the
consideration of the following function definitions

ou(s; B,a) = sign(s) max{[s|”, als|} (24a)
op(s; B,a, M) = sign(c) min{|oy(; B,a)[, M} (24b)

for constants 3 > 0, a € {0,1}, and M > 0. Examples are
shown in (Zavala-Rio and Zamora-Gdémez, 2017, §5).

We present a simulation test focusing on the comparison
among the two types of convergence: finite-time vs expo-
nential. The implementation was run taking the desired
configuration at qq = (/4 w/ 2)T [rad] and initial condi-
tions as ¢(0) = ¢(0) = 02. Based on the functions in Egs.
(24), we define, for every j = 1,2,

035(S) = ov(s; B, aij, My;)  i=1,2 (25)
with a;; = 0, ¢« = 1,2, j = 1,2. Conditions on their
parameters under which (9) is fulfilled are:

kij > kg(2By;) /0 (26a)

Mlj > Qng (26b)

Let us note, from the involved functions, as defined
through Eq. (25), that B; = Mj;+Maj, j = 1,2 (see (8)).
ThUS7 by ﬁxing M11 = 82, M21 = 18, and M12 = MQQ = 6,
(8) and (26b) are simultaneously satisfied. The control

gain values were chosen taking care that inequality (26a)
was satisfied.

Figure 1 shows results obtained taking 8; = 1/2 and 2 =
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2/3, and the control gains were taken, for both (finite-time
and exponential) controllers, as: K7 = diag[5000, 200] and
K, = diag[150,5]. One sees that the proposed scheme
achieves both types of convergence avoiding input sat-
uration, with the closed-loop trajectory arising through
the exponential controller presenting a longer and more
important transient. On the other hand, the finite-time
stabilizer shows a more efficient ability to counteract the
inertial effects through control signals with considerably
less and lower variations during the transient.

5. CONCLUSIONS

Global continuous control of robot manipulators with
input constraints guaranteeing finite-time or exponential
stabilization has been made possible and further simpli-
fied through desired gravity compensation. This controller
is not a simple extension of the on-line compensation case
but it has rather proven to need more involved require-
ments resulting from a closed-loop analysis with consider-
ably higher degree of complexity. Simulation results have
shown the actual ability of the proposed approach to guar-
antee the considered types of convergence avoiding input
saturation, with finite-time control signals giving rise to
less and lower variations during the transient. A more
detailed implementation test study focusing on further
aspects on the closed-loop performance is intended to be
presented on future communications with more relaxed
space restrictions.
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